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Abstract 

A general scheme of construction and analysis of physical fields on the various 
homogeneous spaces of the Poincare group is presented. Different parametrizations of 
the field functions and harmonic analysis on the homogeneous spaces are studied. It 
is shown that a direct product of Minkowski spacetime and two-dimensional complex 
sphere is the most suitable homogeneous space for the subsequent physical applications. 
The Lagrangian formalism and field equations on the Poincare group are considered. 
A boundary value problem for the relativistically invariant system is defined. General 
solutions of this problem are expressed via an expansion in hyperspherical harmonics on 
the complex two-sphere. A physical sense of the boundary conditions is discussed. The 
boundary value problems of the same type are studied for the Dirac and Maxwell fields. 
In turn, general solutions of these problems are expressed via convergent Fourier type 
series. Field operators, quantizations, causal commutators and vacuum expectation 
values of time ordered products of the field operators are defined for the Dirac and 
Maxwell fields, respectively. Interacting fields and inclusion of discrete symmetries 
into the framework of quantum electrodynamics on the Poincare group are discussed. 
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1 Introduction 

An unification of spacetime and internal symmetries of elementary particles is a long standing 
problem in physics. It is well known that the standard approach in this area is a search of 
some unification group which includes the Poincare group V and the group (or, groups) of 
internal symmetries {SU{2), SU{3) and so on) as a subgroup [S]. However, in this approach 
a physical sense of the unification group is unclear. The most natural way for solving this 
problem was proposed by Finkelstein , he showed that elementary particles models with 
internal degrees of freedom can be described on manifolds larger then Minkowski spacetime 
(homogeneous spaces of the Poincare group). The quantum field theories on the Poincare 
group were discussed in papers [Ml El CSl II IHSl Hill HOI |2H1 111113 ■ 

A consideration of the field models on the homogeneous spaces leads naturally to a gen- 
eralization of the concept of wave function (fields on the Poincare group). The general form 
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of these fields closely relates with the structure of the Lorentz and Poincare group represen- 
tations |3ni EHl CSl 1121 admits the following factorization f{x,z) = (/)"'(z)-?/'„(x), where 
X G T4 and 0"'(z) form a basis in the representation space of the Lorentz group. Since the 
functions /(x, z) are considered as a starting point of the present research, then it is very 
important to find a correct parametrization for these functions. The parametrization of the 
field functions is important also for the subsequent tasks of harmonic analysis and solutions 
of relativistic wave equations. The most natural way to do it is to express the functions 
f{x, z) via the matrix elements of the Poincare group. The functions ipn{x) can be expressed 
via the exponentials. As is known, exponentials define unitary representations of the trans- 
lation subgroup T4. In turn, the functions (/)"(z) can be parametrized in the form of matrix 
elements of the Lorentz group. Matrix elements of irreducible representations of the Lorentz 
group were studied in the works 123 EZl 123 EOl El 11011 IM M CIHl M EDI IM EH, 
where various expressions for these elements are found, however, in rather complicate and 
cumbersome form. The most simple form of the matrix elements for spinor representations 
of the Lorentz group has been found in the works jll4| I117j in the basis of complex angular 
momentum, that corresponds to a local isomorphism SL{2, C) ~ SU{2)®SU{2). In essence, 
this form of the matrix elements presents itself a four-dimensional analog of Legendre spher- 
ical functions (hyperspherical functions). Due to this form a relationship between matrix 
elements of the Lorentz group and special functions becomes more clear. Moreover, it allows 
us to investigate the functions /(x,z) within the framework of the powerful mathematical 
theory presented in the works of Vilenkin, Klimyk, Miller and Talman |12()^ I7H 1 IHH l I121j . 
In the sections 2-4 of the present work we study various forms of matrix elements of the 
groups SU{2), SU{1,1) and SL{2,C) both for finite- and infinite-dimensional representa- 
tions. In parallel, we consider basic facts concerning harmonic analysis on these groups. As a 
rule, harmonic analysis on the noncompact groups is a very complicate mathematical theory 
and by this reason physicists hardly used this mathematics (obviously, it is one of the main 
obstacles that decelerate development of the quantum field theory on the Poincare group). 
Therefore, it is very important to accommodate the abstract harmonic analysis to physics, 
that is, to construct a physically meaningful theory. With this end in view we restrict our- 
selves mainly by a consideration of finite dimensional representations, since they lead to local 
physical fields on the homogeneous spaces. Due to this fact, all the basic physical quantities, 
such as solutions of relativistic wave equations, field operators, causal commutators and so 
on, can be expressed via Fourier-type series on the homogeneous spaces. 

The following logical step consists in definition of the Lagrangian formalism and field 
equations on the various homogeneous spaces of V. The field equations for arbitrary spin 
are derived by the standard variation procedure from a selected Lagrangian. The use of 
harmonic analysis on the homogeneous spaces allows us to set up a boundary value problem 
for relativistically invariant system. It is shown that solutions of this problem are expressed 
via Fourier series on the two-dimensional complex sphere. In the sections |H1 and IHl we study 
boundary value problems of the same type for the Dirac and Maxwell fields, respectively. 
The representation of the Dirac and Maxwell fields as fields on the Poincare group allows 
us to consider these fields on an equal footing, from the one group theoretical viewpoint. 
Moreover, a definition of the Maxwell field on the complex two-sphere leads naturally to a 
Riemann-Silberstein representation for the electromagnetic field |124UlU4l[T^ (or Majorana- 
Oppenheimer formulation of quantum electrodynamics). Such basic notions of quantum field 
theory as field operators, quantization, causal commutators, vacuum expectation values of 
time ordered products have been defined for the Dirac and Maxwell fields in the sections jS] 
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and ini Interacting fields are discussed in the section [TUl 



2 The group SU{2) 

In this section we briefly consider some basic facts concerning the group SU{2) and its 
representations. The group SU{2) is an universal covering of the three-dimensional rotation 
group 5*0(3). Any matrix u from SU{2) has the form 



u 



a (3 
-(3 a 



(1) 



where detu = 1 and, therefore, |ap + = 1. An Euler parameterization of has the 
following form: 



u 



COS |e 2 



, I sm 26 2 



I sm 2 



COS 26 



(2) 



where < < 27r, < < vr, — 27r < < Stt. It is easy to verify that from (jSj) it follows 
directly a decomposition 




cos ^ « sm 2 



I sm I cos 2 








(3) 



The formula deflnes a Cartan decomposition G = KAK for the group G = SU{2). 
The group SU (2) has three one-parameter subgroups 



cos I 2 sin I 
2 sin I cos I 



COS I — sin I 
sin I cos I 



^3(t) 




)groups 


have the form 


(ici;i(t) 


= -(' ') 




t=o 2^ Oj 


duj2{t) 


1 /O -1 


dt 


.=o"2Vl 


dusit) 


i fl 


dt 


.=o"2VO -1 



A, 
A3 

The elements Ai form a basis of Lie algebra su(2) and satisfy the relations 

[v4i,A2]=A3, [A2,A3]=Ai, [A3,Ai]=A2. 

An Euler parameterization of inflnitesimal operators Aj has the form: 

Ai 



d sin ijj d n . , d 

cos^J— + ^—^^ cot^sm?/)— , 

08 sm 6 dip dip 



A2 
A3 



d cos ip d 
sm.%)— + 



d 



' ■ a ^ cot ^ cos V^ — , 
oa smd Oif oip 



d_ 
dip' 



(4) 
(5) 
(6) 



Since SU{2) is a compact group, then all its representations are finite-dimensional. They 
are realized in symmetric representation spaces Sym^ {k = 21) of polynomials 



(ai,...,Q!fe) 



The dimension of Sym^ is equal to 21 + 1. Operators Ti{u), u G SU{2), act in Sym^, via the 
formula 



where 3 = Zq/zi. The matrix element = e~^^^'^~^"'^\Ti(9)-ipn, "ipm) of the group SU{2) in 
the polynomial basis 



A—n 



where 



has a form 



^V{l-n + l)V{l + n + iy 



21 



-l<n<L 



/^x , / X / d 6'\ , / cos |3 + z sin „ 

T,(^)V^(3)= 2 sin -3 + cos- ^ — ^1— ' 

z sm 23 + cos ■ 



(7) 



^T{i -m + i)r(/ + m + i)r(/ - n + i)r(/ + n + 



g-i(m<^+nV')^m-n^P(^ - m + l)r(/ + m + l)r(/ -n + 1)T{1 + n + l)x 

cos2'-tan™-"-x 
2 2 



min(Z— n,Z+n) 



tan^J' 



J =max(0, n—m) 

Further, using the formula 

a, 13 



r(j + l)r(/ - m - J + l)r(/ + n - j + l)r(m -n + j + l) 



(8) 
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r(7) ^T{a + k)T{l3 + k)z^ 



r(a)r(/3)^ r(7 + A;) A;! 



(9) 



we can express the matrix element (jHl) via the hypergeometric function: 



■m-n^-i{mv+n^) ^ {I + m + l)T {I - U + I] 



r(m -n + l) V T{l-m+ 1)T{1 + n+l] 



X 



cos^'-tan— 



e 



e 



m — I + 1,1 — I — n 
m — n + 1 



z^tan^^ 1, (10) 
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where m > n. At m < n in the right part of (jiup it needs to replace m and n by —m 
and — n, respectively. Since /,m and n are finite numbers, then the hypergeometric series is 
interrupted. 

The matrix elements (IHl) can be written in other form 



m—n —i{mip+nt(>) 



T(/ -m + l)r(/-n + 1) 



r(/ + m+ l)T{l + n + l] 



cot 



m+n 



e 



I 



r(/ + j + i)z2i 



sin^-'- fill 

2. ^ r(/-j + l)r(j-m + l)r(j-n + l)' 2' ^ ^ 

j=max(m,n) 



This form is derived from (jH)) by means of a factorization u = kz, where k = \ ^ \ and 



1 
-p/a 1 
written as 



According to the Cartan decomposition (jH}, the matrix elements can be 



4n(w) = 4„^N(<^,o,o)]C(^)C[n(o,o,^)] 



where 



4nW =^L(C0S^), 



here P^„(cos^) is a generalized spherical function |H? Hll2()j . Therefore, the formula can 
be rewritten as follows 

4„(«)=e-('"^+"^)pL(cos^^). (12) 

The matrices Ti{6) of irreducible representations of SU{2) at / = 0, |, 1 have the following 
form: 




^pl pi pi 

-1-1 -10 -11 

^i(^) = I Pq-i -Poo Pqi 

pi pi pi 

1-1 -'10 -'11 



cos ^ tsmj: 
I sm I cos 2 



2 & I sm ti 
2 

2 6» isinS 



sin^ A 



sin 



V2 

2 e 



V2 



COS 



2 / 



Using (jll)-®, it is easy to calculate the Laplace-Beltrami operator A = + A2 + A3 on the 
group 5f/(2): 



Q2 Q2 Q2 

- 2 cos ^ , + 



(13) 



Matrix elements p2|) of irreducible representations of the group SU (2) are eigenf unctions of 
the operator (fT^ : 
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Substituting in this equality the expressions (fT^ and (fT^ instead A and and sup- 

posing X = cos 6, we come to the following differential equation 



:i-x' 



9 ^ 

— 2x- 



m? + — 2mnx 



PUx) = -1{1 + 1)PUx). 



I — X 

In particular, at n = we obtain differential equation for associated Legendre functions: 



(14) 



'l-x' 



I — 

dx"^ 



d 

- 2x— - 



m 



dx 1 — x"^ 



pr{x) = -i{i + i)pr{x). 



Further, at n = and m = we come to the well known differential equation for Legendre 
polynomials: 

~ d'^Piix) ^ dPi{x) , , ^^p. ^ n 

+ /(/ + l)Pi[x) = 0. 



1-x' 



dx^ 



2x- 



dx 



2.1 Harmonic analysis on the group SU{2) 

It is well known [HIH I12()j that the classical Fourier analysis is completely formulated in terms 
of an additive group of real numbers, M. M is an Abelian and non-compact group, and by this 
reason all its unitary representations are one- dimensional and expressed via the exponential 
e"'^, where a = hi. The regular representation of the group M is constructed in the space 
© of the square integrable functions f{x) defined on the group M (equally, on the real axis 
— oo < X < oo) such that 



The operator M(xo), transforming the function f{x) into M(xo)/(x) = /(x + Xq), corresponds 
to the each element of the group M. M.{x) is a regular representation of M. At this point, 
any function f{x) G & can be represented in the form of continuous linear combination of 
the functions e*'^^ (Fourier integral): 



f{x) = / F{\)e dx, -oo < X < oo. 



The inverse transformation is defined by a formula 



F{\) = ^ / f{x)e~'^^dx. 



Hence it follows a so called Plancherel formula 



\F{\)\^d\ = - I \f{x)\'dx. 



In the case of a quotient group 50(2) = ]R/Z2,r (rotation group of the euclidean plane), 
where the subgroup is generated by numbers of the form 27rfc, we come to the classical 
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Fourier series. Indeed, if fif) is an irreducible unitary representation of 5*0(2), then the 
equahty 

F{ip + 2nk) = f{ip), 0<ip<27i, 

defines the irreducible unitary representation e*"^ of R. The representations of 5*0(2) are 
derived from e*"^ at the conditions F{27t) = /(O) = 1. They have the form f{<f) = e*"*^, 
where n is an integer number. 

The integral on the group 5*0(2) is defined as follows 



27r 



f{9)dg = ^ J f{^)d^^ 



where l/2TTd(p is an invariant measure (Haar measure) on the group 50(2). This integral 
possesses the property 

fi99o)dg= / fig)dg. 



Any square integrable function f{(p) on the group 5*0(2) expands into a convergent series 

oo 

/(^) = c-e"''' 

n=— oo 

where the coefficients are expressed via the formulae 



Hence it immediately follows a Parseval equality 

271 

1 r °° 



The generalization of classical Fourier series for the case of non-Abelian compact groups 
was first given by Peter and Weyl jHl]. The first simplest case of such groups is 5*f/(2). Since 
SU{2) is compact, then there exists an invariant measure du on this group such that 

f{u)du = I f{uou)du = / f{uuo)du = / f{u'^^)du. (15) 



This equality holds for all continuous functions f{u) and all elements uq from SU{2). The 
invariant integral on the group SU{2) is defined in Euler parameterization by a formula 



2n 2-77 n 

1 



f(u)du = ^j J j f{^,e,ip)Mdedvd^ij, (16) 

SU{2) -2-K 

where 1/16tt'^ sin 6 dOdipdip is a Haar measure on the group SU{2). It is easy to verify that 
the integral (fTHj) satisfy the equality (fT^ . 
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Since the dimensionality of the representation Ti{u) of SU{2) is equal to 21 + 1, then the 
functions \/2l + lt[^^{u) form a full orthogonal normalized system of functions with respect 
to the invariant measure du on this group. In other words, the functions tm„(ti) (matrix 
elements) satisfy the relations 



tLniu)t'pg{u)du = ^^^SiJrnpSnq- (17) 



SU{2) 



Substituting into (fT7|) instead the matrix elements tm„('u) their expressions via the Euler 
angles (see (O), we come to the following formula 



2n 2iT TT 



-2tv 

Due to the well known orthogonality relations for the functions Plnni^) 



mp^nq- 



1 



-1 



we see that the relation (fTS|) holds for all /, s, m, p, n, q. 

Thus, any square integrable function f{ip,9,ip) on the group SU{2), < ip < 2tt, < 
9 < TV, —271 < ^ < 27r, such that 



27T 27r n 

\2 




\f{(p,9,ilj)fsm9d9dipd'ijj < +oo, 



-2iT 

is expanded in a convergent Fourier series on SU{2), 

I I 



f{^,9,^) = J2T.Y1 «|„„e-(™^+«'^)pL(cos^), 



/ m=—l n=—l 

where 

(-l)"^-"(2/ + 1) 

a. 



L= ^ I I j fiv,0,i^)e'^'-''^-^^PUcos9)sin9d9dvdi^. 



-2tt 

The Parseval equality in this case has a form 



27r 277 TT 

21 + 1 



I m=—l n=—l 




EE Ei"-i' = i^ / / j\f{v.o,n'sin9d9dipdiJ. 



-2-K 
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3 The group SU{1, 1) 

The group SU{1, 1) (also known as a three-dimensional Lorentz group) is an universal cover- 
ing of the group SH{3). The group SH{3) is a group of linear transformations of the space 
with a quadratic form 

r 1 _ 2 _ 2 _ 2 
[X, XJ — Xi X2 X^. 

Any matrix g G SU{1, 1) has the form 



7 6 
6 7 

where det g = 1 and, therefore, I7P — |5p = 1. An Euler parametrization of (fT^ is 



(19) 



_ cosh 2 smh 2 

5' I - IT- '(^-y) 1 + 

smh 26 2 cosh 2 



where < (f < 27c, < r < 00, — 27r < ip < 27r. Hence it immediately follows a Cartan 
decomposition for the group SU{1, 1): 







cosh I sinh | 
sinh I cosh 







itp 



(20) 



The group ^[/(l, 1) has three one-parameter subgroups 



cui(t) 



/ cosh I sinh | ' 
\^ sinh I cosh I ' ' 



cosh I i sinh | 
— i sinh I cosh | 



C^3(t) 



it 

e 2 





_ It 
e 2 



The tangent matrices Ai of these subgroups have the form 



A2 
A, 



dojiit) 



dt 
du2{t) 



1 /O 1 



dt 
dusit) 



dt 



t=o 



t=0 



t=0 



1 

1 
-1 



1 /I 

2 lo -1 



The elements Ai form a basis of Lie algebra su(l, 1) and satisfy the relations 

[Ai,A2\ = -A3, [^2,^3] = ^!, [A3,Ai]=A2. 



In this case an Euler parametrization of infinitesimal operators Aj for the left regular repre- 
sentation has a form 



Ai 
A2 



d d simp d 

cothrsmv?- cosLp- r-r— 

oip OT smh r oip 

d d cos if d 

-cothrcosv?^ smv9— + . , ^ , , 

OLf or smh r oip 

d 



(21) 
(22) 



Since SU{1, 1) ~ SL{2,M.) is the noncompact group, then in this case we have both finite- 
and infinite-dimensional representations. Representations of the group SL{2,M.) are defined 
by the two numbers x = i'^y o), r G C, o G {0, 1/2} |12Uj . The representation = T(^,o) of 
the principal nonunitary series of SL{2,M.) is realized in the space of functions f{x) which 
depend on the real variable: 



T^i9)fix) = \(3x + 6rsign'%Px + 6)f 



(3x + 6 



where g = ^ ^) ^ SL{2,'R). At r = — |, p G M, the representations are unitary 

with respect to a scalar product in the Hilbert space L^(M). They form the principal unitary 
representation series of SL{2,'R). The group SL(2,'R) has also discrete series of unitary 
representations. Representations of the negative discrete series T;~, / = —1, — |, —2, — |, . . ., 
act in the Hilbert space Hi of the functions F{w) which are analytic in upper half-plane C+ 
and possess with a following scalar product 



(^1,^2) = _ j F,{w)F2{w)y-^'-^dwdw, 

c+ 

where w = x + iy, dwdw = —2idxdy. The operators Tj~{g), g = ^ ^ , are defined by 

In like manner, representations of the positive discrete series T^"*", / = —1, — |, —2, . . ., are 
constructed in the Hilbert space of functions which are analytic in lower half-plane C_ . Since, 
SU{1, 1) ~ 5*17(2, M, then representations of the principal nonunitary series of SU{1, 1) are 
defined by the same pair x = (^)O) as with the group SL{2,M.). These representations are 
realized on the subgroup K = 50(2): 

TA9)f{e'') = iie^' + SY^^iie-'' + 5)'-°/ (^^^) , (24) 

where 9 = (j e 5f/(l, 1). 

As follows from (j21I), matrix elements t^n(fi') of representation Ty.{g) in the orthonor- 
mal basis 

^ ,e*P^ p = 0,±1,±2,... 



^271 

have a following integral representation 



where m and n are integer or half-integer numbers in accordance with the values of o. This 
integral can be calculated by means of the Newton binomial. In the case of finite-dimensional 
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representations we have 

t^^{g) = r{l + n + 0+ l)r(/ -n-0+ l)S^~r,-oS^+rn+o^n-m^ 
mm{l-n,l+m) . , ^,n„ 

^ T(s + l)T(l-n-s-o + l)T(n-m + s + l)T(l + m-s + o+l)' ^ ' 

s=max(0,m-n) ^ ' ^ ^ ^ ^ ^ I 

In accordance with the Cartan decomposition ((201), the matrix elements can be written as 
follows 



= e-^(™'^+"'^)^^,„,(coshr), (26) 



where x = {l,o), m' = m + o, n' = n + o. An explicit form of the function ^[^^^(coshr) 
(Jacobi function) follows from (j25|) at 7 = sinh | and 6 = cosh |: 

^L(coshr) = Vr(/ -n + 1)T{1 + n + 1)T{1 -m + 1)T{1 + m + l)x 

cosh2'-tanh"-™-x 
2 2 

min(Z-n,Z+m) +otiTi2s r 

V ^ (27) 

^ r(s + l)r(/-n-s + l)r(n-m + s + l)r(/ + m-s + l)' ^ ' 

where m,n = —I, —/ + !,...,/. 

Let us give explicit expressions for the matrices TJ(r) at / = 0, 1/2, 1: 

To(r) = 1 



5 

1 



Tifr 





1 ^! 




2 2^ ; 






2 


2 22 






^00 









2 2 



^ I <j^2 / \^ sinh I cosh I ^ 

/ cosh^ I sinh r ^ 
I sinhr coshr sinhr 



Using the formula we can express the function (coshr) via the hypergeometric 
function: 



I , . _ 1 / r(/ + n + l)r(/-m+l) 

+J„„^cosnrj _ ^ ^ ^) y _ ^ ^ + m + 1) 



cosh2'^tanh"-'"^2i^i| 



72 — / + 1,1 — / — m 
n — m + 1 



tanh^ J ) , (28) 



where m > n. At m < n in the right part of (j28p it needs to replace m and n by — m and 
— n, respectively. Since /, m and n are finite numbers, then the hypergeometric series in (|28p 
is finite also. 
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In the case of principal series of unitary representations, the function (j27j) takes a form 
*''(coshr) = 



mn 



T{ip - n + \)T{ip + n + \)T{ip - m + \)T{ip + m + i) x 



cosh2*''-^-tanh"-'"-x 
2 2 

tanh^' ^ 



s=max(0, m—n) 



r(s + l)r(ip — n — s + |)r(n — m + s + l)r(ip + m — s + |) ' 



or 



(cosh r) 



r(n - m + 1) y r(ip - n + |)r(ip + m + I 



■X 



cosh2^''-i^tanh"-"^^2i^i| 



n — ip + ^, ^ — ip — m 
n — m + 1 



tanh 



r 



• (29) 



When m = 0, n = (zonal functions), the function ()29p transforms into a conical function 
^ip_i(coshr) (for more details about conical functions see P). 

Matrix elements t^^nidr)^ —oo < m,n < I, of the discrete series Tj~ of representations of 
the group SU{1, 1) are expressed via the Jacobi polynomials Pi"'^^(coshr) |121j : 



*Pmn(cosh r) 
if n < m < Z and 

fc(coshr) 



r(/-m + i)r(-/-n) 
r(/ - n + i)r(-/ -m) 

T{1 - n + l)T{-l -m) 

r(/-m + i)r(-/-n) 



sinh"-" ^ cosh™+" Ip/_";;;"'"^+") 



(cosh r) 



sinh"-"^ ^ cosh'"+'^ -P/r^^'^^^Hcoshr) 



r 
2 



if m < n < /. 

On the group SU{1, 1) there exists the following Laplace-Beltrami operator (or Casimir 
operator): 

A = -A^ - + A^. 
Using PT|) - (P^ . we can express this operator via the Euler angles: 

1 



A 



1 d . ^ d 
smh r-— 



sinh r dr 



dr sinh r 



92 ^ , 52 

2 cosh r-:^ — — + 



difdip di/j"^ 



(30) 



Matrix elements t^nid) of irreducible representations of the group SU{1,1) are eigen- 
functions of the operator (jHOl): 

Ai^^n(^7) = ^(/ + l)i^n(^?)- 

Indeed, substituting in this equality the expression (jHIH) and Euler parameterization of t^nid) 
instead A and t^nid) supposing y = coshr, we come to a following differential equation 



2 l\ ^"^ -\-2 ^ + — 2mny 

dy"^ dy 1/^ — 1 



It is easy to see that this equation has the structure similar to the equation (jl4j) for the 



functions P^^{x). 
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3.1 Harmonic analysis on the group 5*^7(1,1) 

Harmonic analysis on the group SU{1, 1) was studied by many authors during long time 
(see, for example, jEll EH 11201 El). Let C^{G), G = SL{2,R), be a space of infinitely 
differentiable functions on the group SL{2, M), then for the representation Ty. of the principal 
nonunitary series of SL{2,'R) there exists on C^{G) the following transformation (Fourier 
transform) 

Tl= J f{9)T;{g)dg, f e C^{G). (31) 

5L(2,M) 

The same transformation can be defined for the representations T^" and T^^ of the discrete 
series of 5L(2,M): 

T/'^= I f{9)[TH9)Ydg, (32) 

5L(2,R) 

where T^, T^'^ are operators with the trace. 

The inverse Fourier transform is defined by a formula 



0=0,1 



T(ip-i/2,o)Tiip-i/2,o){g) ptanh7r(p + io)dp+ 



47r2 



I 



Tlf_,T^,_,{g)+TluT-_,{9) , (33) 



where the index / in the second sum runs the values 0, |, 1, |, .... 
In this case the Plancherel formula can be written as follows 



5L(2,R) 



.o=0i 



rpf (rpf 



(ip— l/2,o) -1/2, o)' 



X ptanh7r(p + io)dp + ^ (^^ + 3 j Tr [tZ'+i(T/'+J* + 

+t/--,(t/-,; 

The invariant measure on the group SU{1^ 1) has a form 

1 



dg 



47r2 



sinh rdifdrdip. 



(34) 



Taking into account this expression, we can rewrite the formulae ()31|) - (jM|) via the matrix 
elements (|^. Indeed, any square integrable function f{g) on the group SU{1, 1), such that 



J \f{g)\'dg < 



5(7(1,1) 
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is expanded in matrix elements as follows 



47r2 



E 



m,n,o 



«mn(p)e~'^"''^+"'^^^ml^''''°(cosh T)ptanli n{p + oi)dp+ 



+ E (^-^)^;;.n(Oe-^^"^^+"^^te(cosiir) 

i=l-o ^ ^ 



, (35) 



where the values of the coefficients aj^„(p) and 6^n(0 expressed via the formulae 

2iT 2n oo 

<niP)^ J J y"/(<^,T,V')e'^'"'^+"'^)^;;.i+'"'°(cOShT)sinhTdTd(/P#, 
-27r 



_ (-i)--"r(/ + m + o + i)r(z - m - o + 1) 

"^"^^ r(Z + n + o+l)r(Z-n-o+l) 

2tt 2n oo 



-27r 

Further, the Plancherel formula takes a form 



SU{1,1) 



oo 

y \fi9)fdg = ^Y^ J \a"^^{p)\'^ptanhn{p + oi)dp+ 



^ r(/ + m + o + l)r(/ -m-o+l) \ 2 

<=1— o 



4 The group 51.(2, C) 

As is known, the group SL{2, C) is an universal covering of the proper orthochronous Lorentz 
group L\.. The group SL{2,C) of all complex matrices 



= 



a P 
7 S 



of 2-nd order with the determinant ad—^f3 = 1, is a complexification of the group SU (2). The 
group SU{2) is one of the real forms of SL{2,C). The transition from SU{2) to 5'L(2,C) 
is realized via the complexification of three real parameters </?, 6, ip (Euler angles). Let 
9'^ — 9 — ir , (fi'^ — (p — ie, ip'^ — ip — is be complex Euler angles, where 



< Rer = ^ < TT, 
< Re99'= = (^ < 27r, 
-27r < ReV'^^'0 < Stt, 



— oo < Im6''^ = r < +oo, 
— oo < Im</7"^ = e < +00, 
—00 < Im'^'^^s < +00. 



(36) 
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Replacing in Q the angles v?, 0, ip by the complex angles y?^, 9^, ip'^, we come to the following 
matrix 



cos ye 



2 



[cos I cosh I + i sin I sinh |] 



, zsmyc 2 



2 sm ye 



cos ye 



[cos I sinh | + z sin | cosh |] 



r fl "1^ — ^^^(t/) — (/7)r /J /) -|- 

[cos I sinh | + i sin | cosh |J e 2 [cos | cosh | + ? sin | sinh |J e" 



2 



(37) 



since cos ^{O — ir) = cos | cosh sin | sinh |, and sin 1(6*— ir) = sin | cosh | — i cos | sinh |. 
It is easy to see that in this case a Cartan decomposition for SL{2, C) has the form 

g{ip, e, 6, r, ifj, e) = 











e 2 



5 Y f ^ sin I Y cosh | sinh | 



62 



e-2 



, « sm 2 cos 2 



Asi 



sinh I cosh f A e " 2 





• (38) 



If we restrict the parameters Im.ip'^ = e, limp'^ = e within the limits < e < 27r, —2it < e < 
27T, then we come to the following Cartan decomposition 







a /3\h 5 
a U 7 



where 



a P 
-j3 a 



e SU{2) and (j G SU{1,1). 



The group SL{2, C) has six one-parameter subgroups 



(39) 



ai{t) 



hit) 



cos I « sin I 
i sin I cos | 



/ cosh I sinh | 



V sinh 2 cosh 2 



t ) 



a2(t) 
&2(t) = 



cos I — sin I 
sin I cos I 



cosh I i sinh | 
sinh I cosh | ' ' 




The tangent matrices Ai and -Bj of these subgroups are defined as follows 



A2 
As 

B2 
B3 



daiif) 



dt 
da2(t) 



dt 
da^it) 



dt 
dhiit) 



dt 
db2{t) 



dt 
dhit) 



dt 



t=o 



t=o 



t=0 



t=0 



t=Q 



t=0 



1 

1 



1 /O -1 



1 

1 
-1 

1 

1 

1 
-1 

1 
-1 
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The elements Aj and Bj form a basis of Lie algebra s[(2, C) and satisfy the relations 

[A3,Ai]=A2, 
[B3, Bi] = -A2, 
[A3, B3] = 0, 



[Ai,A2] = 


A3, 


[A2,A3] = 


Ai, 


[Bi,B2] = 


-A3, 


[B2, B3] = 


-Ai, 


[Ai,Bi] = 


0, 


[A2, B2] = 


0, 


[Ai,B2] = 


B3, 


[Ai,B3] = 


-B2, 


[A2,B3] = 


Bi, 


[A2, Bi] = 


-B3, 


[A3,Bi] = 


B2, 


[A3, B2] = 


-Bi. 


1^^ = A2, 


|12 = 


A3, and 1°^ 


= B 



(40) 



Denoting = Ai, 1^ 
relations ()4U|) in a more compact form: 



1 02 



B,, 



B3 we can write the 



Let us consider the operators 



Xi = -i{Ai + tBi) 



iB, 



(/ = 1,2,3). 

Using the relations ()4()|1 . we find that 

[Xfc,X/] = ieklm'^m, [Y;, Ym] = ieimnXn, [Xi, Ym] = 0. 

Further, introducing generators of the form 



(41) 



Y. 



Xi+a2, X_ 
Yi+^Y2, Y. 



Xi - iX2, 
Yi-zY2, 



(42) 



(43) 



we see that in virtue of commutativity of the relations ()42|) a space of an irreducible finite- 
dimensional representation of the group SL{2, C) can be spanned on the totality of (2/ + 
1)(2Z + 1) basis vectors | /,m;/,rh), where /,m, /,m are integer or half-integer numbers, 
—l<m<L—l<rh<l. Therefore, 



x_ 


Z, m 


/,m) 


x+ 


/, m 


/,m) 


X3 


/, m; 


/, m) 


Y_ 


/, m 


i,m) 


Y+ 


/, m 


i,m) 


Y3 


/, m; 


I, m) 



(Z + m)(Z — m + 1) \ l,m;l,7h — 1) (m > — /), 



(Z — m)(/ + rh + 1) \ l,m;l,m + 1) (m < Z), 



(44) 



From the relations (j42j) it follows that each of the sets of infinitesimal operators X and Y 
generates the group SU (2) and these two groups commute with each other. Thus, from the 
relations (jl^ and (jiij) it follows that the group SL{2, C), in essence, is equivalent locally to 
the group SU{2)®SU (2). In contrast to the Gel'fand-Naimark representation for the Lorentz 
group [SSIIZHI, which does not find a broad application in physics, a representation (j44p is a 
most useful in theoretical physics (see, for example, PfllHSl IS21 EH] ) • This representation for 
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the Lorentz group was first given by Van der Waerden in his brilliant book jl22j . It should be 
noted here that the representation basis, defined by the formulae (PT|) - (jl^ . has an evident 
physical meaning. For example, in the case of (1, 0) © (0, 1) -represent at ion space there is an 
analogy with the photon spin states. Namely, the operators X and Y correspond to the right 
and left polarization states of the photon. For that reason we will call the canonical basis 
consisting of the vectors | Im; Im) as a helicity basis. Infinitesimal operators of SL{2, C) in 
the helicity basis have a very simple form 



Ai I /, m; I, m) 

A2 I /, m; /, m) 
A3 I /, m; Z, m) 



--OL^ I Z, m - 1; /, m) - -Q;J„+i | /, m + 1; Im), 

^"L \l,m- l;/,m) - ]^c>l„,+^ | /,m+ l;/,m), 
—im I Z, m; Z, rh). 



(45) 



Bi 

B2 
B3 

Ai 

A2 
A3 



Z, m; Z, m 



Z, m; Z, m 



Z, m; Z, m 



Z, m; Z, m 



Z, m; Z, m 



Z, m; Z, m 



-\olL I l,m-l;i,m) - ^a^^+i | Z,m+ l;Z,m), 

"2"™ I 1;^,"^) + I Z,m+ l;Z,m), 

-m I Z, m; Z, m). 



1 ■ . 1 ' 

--aj^ I Z, m; Z, m - 1) - -a^h+i | Z, m; Z, m + 1), 

1 ■ • 1 ■ 

-a^ I Z,m;Z,m- 1) - -a'^+i | Z,m;Z,m + 1), 



(46) 



(47) 



— im I Z, m; Z, m). 



Bi I Z, m; Z, rh) 

B2 I Z, m; Z, m) 
B3 I Z, m; Z, rh) 



I l,m;i,m-l) + ^a^+i | Z,m;Z,m + 1), 

-a^ I Z, m; Z, m - 1) - -a^h+i | Z, m; Z, m + 1), 
—m I Z, m; Z, rh). 



(4^ 



where 



V'(Z + m)(Z-rri + l). 



The representation of the group SL{2, C) in the space Sym(Zc, r) has a form 

1 



T 













Zl) . 



ai + (3 a}, + 13 



11 + 5 



(49) 



where 



3 = —, 3 = — • 
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In turn, every space Symj-^^-) can be represented by a space of polynomials 

p{Zo, Zi, Zq, Zi) = ■7^a"'''''°'>'°'^'''"'''Za^---Za^Zai---Zar- (50) 

{ai,...,ar) 

{ai,ai = 0, 1) 

where the numbers ar°i---°fc°i" °'- are unaffected at the permutations of indices. The expres- 
sions (jKn|l can be understood as functions on the Lorentz group. 

The infinitesimal operators A, and Bj can be written via the complex Euler angles 
as follows (for more details see |114j ) 

d sin d d 
Ai = cosV-^— + — -cot^^siuT/''^— , (51) 
o9 sm 9'^ dip dip 

A3 = |. (53) 

Bi = cos<;/|- + 5!!i^|--cotrsm^'=|-, (54) 

OT sm 9- oe oe 

B2 = -sin^^^ + ^^-cot^^cosV^^^, (55) 
OT sm.9'^ oe Oe 

B3 = |. (56) 

It is easy to verify that operators Aj, Bj, defined by the formulae are satisfy the 

commutation relations (001) • 

Further, taking into account the expressions we can write the operators 

in the form 

Xi = cos^^^ + ^^^^-cotrsin^^-^, (57) 
96"= sm 9"" dp"" dip"" 

X2 = -sinV^^^ + ^^-^-cot^'^cos^^^, (58) 

^09- sin^^ dp'' ^ dip''' ^ ' 

d 

X3 = 77-, (59) 

^ dip"' ^ ' 

Yi = cos^^-2- + ^^-^-cot^'=sinV''=^, (60) 
d9- sin9- dp" dip" 

Y2 = -sin^^4- + ^A_cotrcos^^^, (61) 
d9" sm 9" dp" dip" 

d 

Y3 = (62) 



dip"' 



where 



d 

df" 




{d9 


.d\ 


d 

dp" 


1 

~ 2 


d 




f d 




d 


1 


df" 


-\\ 


yd9 




dtp" 


~ 2 



.d\ d _l f d .d 

^'d~e)' di^"~2 \d^^'d^ 

d _ .d\ _d__l f d_ _ .d_ 

' df"~2\d^~'d^ 
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On the group SL{2, C) there exist the following Laplace-Beltrami operators: 



X2 
y2 



+ + = -(A=^ - + 2iAB), 
Y2 + + = 1(A2 - §2 - 2iAB). 



(63) 



At this point, we see that operators (jUHj) contain the well known Casimir operators A^ — B^, AB 
of the Lorentz group. Substituting (jHZj)-(jS21) into (jU^ . we obtain an Euler parametrization 
of the Laplace-Beltrami operators: 



X^ 
Y2 



9^ .nc d 1 

+ cot 6"— + 



+ cot 9' 



de^ sin^ 6^ 
d 1 



89"^ sin^ 6^ 



c2 



2cos^^ 



2cos^' 



d d 



+ 



d d ^ 
+ 



dip'' dip"" dip" 



(64) 



Matrix elements ^^^(0) = ^Inni'^'^ y ^ i^'^) of irreducible representations of 5'L(2, C) are 
eigenf unctions of the operators (jMj) : 



[x2 + /(/ + l)]^mL(¥'^^^^'=) = o, 
Y^ + /•(/ + 1)1 97iL(0^^^^') = 0, 



(65) 



where 



e-'(™^'+"^')zL(cosr). 



(66) 



Substituting the hyperspherical functions into and taking into account the operators 
we obtain 



m? + 71^ — 2mn cos 9'^ 

(P ■ d + — 271171 cos 9" 

+ cot 9''—. —. + / / + 1 

d9-^ d9- ■ 



sin^ 9"" 



Zl^{cos9^ 



(cos 9' 



0. 



Finally, after substitutions z = cos 9" and z = cos9'^, we come to the following differential 
equations (a complex analog of the Legendre equations) 



n, d 7n'^ + 71^ — 2mnz 
^'-^^dz^'^'d-z + + 



rf2 



'1 --2')— -2^— 
dz"^ dz 



1-^2 
d 771^ + 77^ — 27hnz 



+ /(/■ + 1) 



z^ 



7 ( 7\ 



0, 
0. 



(67) 
(68) 
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The latter equations have three singular points —1, +1, oo. Solutions of (|67|) have the form 



= Yl Vr(/ -m + 1)T{1 + m + 1)T{1 -k + 1)T{1 + k + 1] 



k=-l 



cos2'-tan"^-'=-x 



Q 

mm(i-m,«+fc) tan^-?' - 

. 5. , r(j + i)r(z - m - J + i)r(/ + k-j + i)r(m -k + j + i)"" 



T(/ - n + l)r(/ + n + l)r(/ - A; + l)r(/ + A; + 1) cosh^' - tanh"-'^ -x 



,2s ^ 



min(Z-n,«+A;) tauh 

^ im) 

V{s + l)VU-n- s + l)V{l + k- s + l)V{n-k + s + l)' ^ ' 

s=max(0,A:-n) ^ > ^ > ^ > ^ ' 

We will call the functions in as hyperspherical functions^ . This form of the functions 
immediately follows from the Cartan decompositions (|HHj) and flH^ . Thus, matrix ele- 
ments tl^nio) expressed by means of the function (a generalized hyperspherical function) 

3?tL(0) = e-™(^+''^)zL(cos0^)e-"(^+^'^), (70) 

where 

I 

ZLi^osO'^) = J2 Pi,(cos^)^L(coshr), (71) 

k=-l 

here P^„(cos6') is a generalized spherical function on the group SU{2) (see (jH]), (fT^ ). and 
^^„(coshr) is an analog of the generalized spherical function for the group SU{1^ 1) (see 

(ESD, (EH)). 

Further, using ()10p and (PHj) . we can write the hyperspherical functions ()71|) via the 
hypergeometric series: 

ZLAcosO'') = cos^' - cosh^' - y i™-'^ tan"-'^ - tanh"^^ -x 

k=-l 



m — I -\- 1,1 ~ I — k 
m ~ k + 1 



o ^ I n-l + l,l-l-k 

z^tan^- laFil 

7T, — + 1 



tanh^ ^ I . (72) 



It is obvious that solutions Z^,^ of the equation (jUS|) have the same structure. 

Further, from (f?^ we see that the function depends on two variables 9 and r. 
Therefore, using Bateman factorization we can express the hyperspherical functions 

^The hyperspherical functions (or hyperspherical harmonics) are known in mathematics for a fong time 
(see, for example, These functions are generalizations of the three-dimensional spherical functions on 

the case of n-dimensional euclidean spaces. For that reason we retain this name (hyperspherical functions) 
for the case of pseudo-euclidean spaces. 
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via Appell functions F1-F4 (hypergeometric series of two variables [21 El)- For more details 
about this relationship see IllXj- 

Using the formula (jUU)) . let us find explicit expressions for the matrices Ti{9,r) of the 
finite-dimensional representations of SL{2, C) at / = 0, ^, 1: 

To{9,t) = 1, 



Ti (e,T) 




cos 2 cosh I + i sin 2 sinh | cos sinh | + i sin ^ cosh ^ 
, cos I sinh | + z sin | cosh | cos | cosh | + z sin | sinh 



Ti(e,r) 




(73) 



cos2 I cosh^ f + ^^'"^2'"'^" - sin^ f sinh^ f ^ (cos ^ sinh r + z sin ^ cosh r) 



(cos 9 sinh r + z sin 9 cosh r) 



cos cosh T -\- i sin 6' sinh r 



cos2 I sinh^ | + "''^^2''°^^ - sin^ | cosh^ | ^ (cos ^ sinh r + i sin ^ cosh r) 



cos^ f sinh^ 1 + ^'^'^y"'^" - sin^ | cosh^ f 
(cos 6* sinh r + z sin 9 cosh r) 



cos^ I cosh I + 



— sin 2 sinh | y 



(74) 



4.1 Associated hyper spherical functions and a two-dimensional 
complex sphere 

Let us consider now associated hyperspherical functions of the representation T^(g), x = 
(/,0), that is, the matrix elements tmo(s) standing in one column with the function too(s)- 
In this case from (fTOj) we have 



(75) 



Hence it follows that matrix elements ^^0(0) depend on the Euler angles e and ip, 

that is, tmo(s) constant on the left adjacency classes formed by the subgroup fl'^ of the 





diagonal matrices 



e 2 







— HI 
e 2 



Therefore, 



4o(0^) = 4o(0), hen 



c 
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We will denote the functions Z'"°(^,r) via ZI"{6,t). From (j69|) we obtain an explicit ex- 
pression for the associated hyperspherical function Z"''{6,t): 



I 



z^{0,t) = J2 z™- Vr(/ -m + l)r(/ + m + i)r(/ -k + l)r(/ + A; + l)x 



k=-l 

cos^'-tan— ^'-x 
2 2 

min(i-m,«+fc) ^Sj ^ 2j _ 

2 



r(j + l)r(/ - m - J + l)r(/ + A; - j + l)r(m - A; + J + 1, 

j=max(0,fe— m) 

r(/ + 1) v/r(/ -k + 1)T{1 + A; + 1) cosh^' ^ tanh''^ ^x 
mm(/,/+fc) tanh^^ - 

.™5„,, + DrC - - + i)r(/ + * - + i)r(. - 1 + 1)' <™' 



Further, from (f7^ it follows that 

= cos^' - cosh^' - y z--^' tan™-'= - tanh-'^ - x 



2 2 

fc=-i 



2 



m — I + 1,1 — I — k 
m — k + 1 



2 tan - 2-^1 

2/' M -k + 1 



tanh^-l. (77) 



Associated hyperspherical functions admit a very elegant geometric interpretation, namely, 
they are the functions on the surface of the two-dimensional complex sphere. Indeed, let 
us construct in the two-dimensional complex sphere from the quantities = + iyk, 
Zk = Xk — iyk as follows (see Figure 1) 

z2 = zl + 2^ + ^1 = x^ - y2 + 2ixy = (78) 

and its complex conjugate (dual) sphere 

*2 *2|*2|*2 2 2 o- *2 /^n\ 

z = Zl + Z2 + Zs =x — y — 2«xy = r . (79) 

For more details about the two-dimensional complex sphere see [l^l^miTUHj . It is well-known 
that both quantities x^ — y^, xy are invariant with respect to the Lorentz transformations, 
since a surface of the complex sphere is invariant (Casimir operators of the Lorentz group 
are constructed from such quantities, see also (j63|) ). Moreover, since the real and imaginary 
parts of the complex two-sphere transform like the electric and magnetic fields, respectively, 
the invariance of ~ (E + zB)^ under proper Lorentz transformations is evident. At this 
point, the quantities x^ — y^, xy are similar to the well known electromagnetic invariants 
E"^ — B'^, EB. This intriguing relationship between the Laplace-Beltrami operators (jUHj) . 
Casimir operators of the Lorentz group and electromagnetic invariants i?^ — i?^ ~ x^ — y^, 
EB ~ xy leads naturally to a Riemann-Silberstein representation of the electromagnetic field 
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Figure 1 Two-dimensional complex sphere + + z| = in 
three-dimensional complex space C^. The space is isometric 
to the bivector space M^. The dual (complex conjugate) sphere 
li^ + *Z2' + = is a mirror image of the complex sphere 
with respect to the hyperplane. The associated hyperspheri- 
cal functions 9Jtf^(99^ e^ 0) r, 0)) are defined on the 

surface of the complex (dual) sphere. 



(see the sectionlHI). In other words, the two-dimensional sphere, considered as a homogeneous 
space of the Poincare group, is the most suitable arena for the subsequent investigations in 
quantum electrodynamics. It is easy to see that three-dimensional complex space is 
isometric to a real space M^'^ with a basis {«ei, ie^, 64, 65, eg}. 



4.2 Matrix elements of principal and supplementary series of rep- 
resentations 

As it has been shown in [7S], for the case of principal unitary series representations of 
SL{2, C) there exists an analog of the spinor representation formula ()49p : 

Ty{z) = {a,,z + a,,t^^^'^-\a,,z + a,^-^^^''^-'f hjl^±^\ , (80) 

\a12z + 022/ 

where f{z) is a measurable functions of the Hilbert space 1^2 (2'), satisfying the condition 
J \f[z)\'^dz < 00, z = X + iy. At this point, the numbers Iq, li and A, p are related by the 
formulae 

li = — 'j(signA)^ if m 7^ 0, 

Iq = 0, li = ±2^ if m = 0. 

A totality of all representations a — > T", corresponding to all possible pairs A, p, is called a 
principal series of representations of the group SL{2, C). At this point, a comparison of (j8(jp 
with the formula (j49j) for the spinor representation &i shows that the both formulas have the 
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same structure; only the exponents at the factors (012^ + 022), (012-2^ + ^22) and the functions 
f{z) are different. In the case of spinor representations the functions f{z) are polynomials 
p{z, z) in the spaces Sym^^ and in the case of a representation &\^p of the principal series 
f{z) are functions from the Hilbert space L2{Z). 

Therefore, matrix elements of the principal series representations of the Lorentz group, 
making infinite-dimensional matrix, have the form 



t, 



'2~^'^P(„\ _ -■m{t+iif)-n{e+itp) y 2+*'' _ -m(e+i<fi)-n{s+itp) ^ 



rOO [2] 



J2 ^""V^(t - ^ + + m + i)r(| -k + i)r(f + A; + i)x 



A=-oo fe=-| 



cos^ - tan™"'' -X 
2 2 



j=max(0,fc— m) 



2 



r(j + l)r(f - m - J + l)r(f + k-j + l)r(m - A; + j + l) 



r(i + tp- n)r(i + + n)r(i + ip - k)T{l +ip + k) cosh-^+2ip ^ tanh"-'= 

[min(A_„,A+fc)] ^^^j^2. ^ 



2 /g^^N 

^ , ^ T{s + l)Ta + ip-n-s)ra + ip + k-s)r{n-k + s + l)' ^ ' 

Thus, the matrix elements of the principal unitary series representations of the group 
SL{2, C) are expressed via the function 

9Jl-|+'^(g) = e-'"(^+''^)Z~|+'''(cos^^)e-"(^+''^), (82) 

where 

+00 [2] 



A=— 00 _A 

K— 2 

In the case of associated functions (n = 0) we obtain 



-00 [2] ^ 



^™i+.,(cosr)= ^ 5^ P4(cose)r:i+.p(coshr), (83) 



2 

A=— cxD ^— _A 



2 



where ^^i_^_^p(coshr) are conical functions (see jH]). In this case our result agrees with 

the paper |33j, where matrix elements (eigenfunctions of Casimir operators) of noncompact 
rotation groups are expressed in terms of conical and spherical functions (see also |12Uj ). 
Further, at A = and p = ia from (j8U|) it follows that 

T"/(.) = |a,2. + a22r^-V^'"'"''" 



012-2 + 022 
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This formula defines an unitary representation a T" of supplementary series D^r of the 
group SL{2, C). At this point, for the supplementary series the relations 

lo = 0, h = ±1 

hold. In turn, the representation Si of the group SU{2) is contained in the representation 
Da of supplementary series when / is an integer number. In this case Si is contained in 
exactly one time and the number | = is one from the set — /, —/ + !,...,/ [75] . 

Thus, matrix elements of supplementary series appear as a particular case of the matrix 
elements of the principal series at A = and p = ia: 



T{\-a- n)T{\ - a + n)T{\ -a- k)T{\ - a + k) cosh'^^^" - tanh""^ -x 

tanh^'^ — 

^ , r(s + l)r(i -a-n- s)r(i -a + k- s)T{n -k + s + 1)' ^^^^ 

Or 

m^nt^ig) = e-'"(^+''^)q3™r"(coshr)e-"(^+''^), 

that is, the hyperspherical function Zmn (cos 6''^) in the case of supplementary series is 

degenerated to the Jacobi function '^(coshr). For the associated functions of supple- 
mentary series we obtain 



^^"i_<,(0) = e-™(^+'^)^:^i_^(coshr). 



5 Harmonic analysis on the group 5L(2, i 

First of all, on the group 5'L(2,C) there exists an invariant measure dg, that is, such a 
measure that for any finite continuous function /(g) on SL{2, C) the following equality 

f{Q)dg = j f{gog)dg = J f{ggo)dg = J fig'^)dg 

holds. Applying the equations (jFTjl - ljU^ . we express the Haar measure (left or right) in 
terms of the parameters ()36p : 

dg = sm9'^ sin O'^dO dip dtp drdede. (85) 
Thus, an invariant integration on the group SL{2, C) is defined by the formula 

+00 +00 +00 27r 2iT n 

f{g)dg = g2 4 j j j j j j ^(^'V'''''^'''"'^'^) ^^^^'^^^'^^'^'^^'^'^'^^'^''"'^^'^^■ 
SL(2,c) "OO ~oo -oo ~2tt 

When we consider finite-dimensional (spinor) representations of SL{2, C), we come naturally 
to a local isomorphism SU{2)®SU{2) ~ SL{2, C) considered by many authors jnOHHSI- Since 
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a dimension of the spinor representation Tg of SU{2) ® SU{2) is equal to (2/ + 1)(2/ + 1) 



then the functions y (2/ + 1)(2/ + form a full orthogonal normalized system on 

this group with respect to the invariant measure c/g. At this point, the index / runs all 
possible integer or half-integer non-negative values, and the indices m and n run the values 
— /, — I + 1, ... ,1 — 1,1. In virtue of (jU^ the matrix elements are expressed via the 
generalized hyperspherical function tj„„(0) = £DTj„„(v?, e, 6*, r, e). Therefore, 



SU(2)«,SU{2) 

where 6{q' — g) is a 5-function on the group SU{2) ® SU{2). An explicit form of 5-function 



IS 



^{^ ~ q) = ^{v' " ~ e)5(cos 9' cosh r' — cos 9 cosh r) x 

X 5(sin 9' sinh r' — sin 9 sinh t)5(%1)' — ip)6{e' — e). 



Substituting into (|8b|) the expression 

fynl ( „\ — p-m{t+if>) yl -n{e+iip) 
•'■'^nin\u) ^ ^mn^ 

and taking into account (jHSj), we obtain 



X e-("+^)^e-^("-'^)'^sin^=sin^^d^rf^#drde& = 327rM,,^^pM(0^ - g) ^ 

(2/ + l)(2/ + l) 

Thus, any square integrable function ji^", 9'^, ip'^) on the group SU (2) ^SU (2), such that 

Ifi^p", 9^" , ip")]'^ sm9'' sm9''d9dipd%jjdTdede < +00, 



SU{2)(^SU(2) 

is expanded into a convergent (on an average) Fourier series on SU{2) SU{2), 

OD I I 

fiv'^e^r) = E E E «Le-™(^+^^)^L(cosr)e-"(^+^'^), (87) 

Z=0 m=—ln=—l 

where 



(-l)™-"(2/ + 1)(2/+ 1) 



327r4 

y /(y?^ r , V'')e^("^^'+"'^')Z^„(cos ^=) sin sin 9''d9d^di)dTdede. 

SU{2)®SU(2) 
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The Parseval equality for the case of SU{2) ® SU (2) is defined as follows 

oo I I 

I'-'^mnl ~ 

i=0 171=— I n=—l 

\f{Lp\ e\ |2 sin sin e^dOd^pdiljdTdede. 

5(7(2)05(7(2) 

About convergence of Fourier series of the type (jSTjl see [TTj . 

In like manner we can define Fourier series on the two-dimensional complex sphere via 
the associated hyperspherical functions. An expansion of the functions on the surface of the 
two-dimensional sphere has an important meaning for the subsequent physical applications. 

So, let /(v?'^, 9'^) be a function on the complex two-sphere such that 

j \ f{ip',9')\^ sinO^ smO'dedifidrde < +oo, 
then f{(p'^, 9'^) is expanded into a convergent Fourier series on S^, 

oo / 

= Y.ll «i„e-(^+^^)zr(cos0^), 

1=0 m=-l 

where 

/((^^ 0'=)e^'"'^'Z["(cos 0") sin sin e^dedt^drde, 

and Zp{cos6'^) is an associated hyperspherical function, dg = sin 6'^ sin O'^dOdipdrde is a Haar 
measure on the sphere S^. Correspondingly, the Parseval equality on has a form 

i=0 m=—l g2 

In the case of infinite-dimensional representations of SL{2, C) we come to the Fourier 
integrals on the Lorentz group. Let /(g) be a square integrable function on SL{2,C) and 
let 

T"(/)= 1 /(0)T°(0)rf0 (88) 

5L(2,C) 

be a Fourier transform for all representations of the principal unitary series, then the inverse 
Fourier transform is defined by a formula 

^ +00 „ 

= E / Tr [T''\f)iT^'\Q)r] (A^ + (89) 

A=— oo Q 




327r4 
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where the integral in the right part is convergent on an average, and the representation 
T" = T^''*' is defined by the formula (jHU]) . There is an analog of the Plancherel formula, 

„ -, +00 „ 

J l/(0)l'^0 = Y^ E J [iT'''\f)rT'^'\f)] + P')dp, (90) 

SL(2,C) A=-oo Q 

where dg is the Haar measure on SL{2,C). The integrals and series in the right part of 
(j^JUl) are convergent absolutely. Fourier integrals on the Lorentz group were studied by many 

authors [H IHH i^, TF, "SF, "371 Eg [123 IMl EH ESI EZl UHl EB 1121 1121 [I2I|- it is obvious 

that the formulae (|HH |) -(p m) can be expressed via the matrix elements flHT|) . 



6 Fields on the Poincare group 

Fields on the Poincare group present itself a natural generalization of the concept of wave 
function. These fields (generalized wave functions) were introduced independently by several 
authors jH [7| 11281 HUUj mainly in connection with constructing relativistic wave equations 
(a so called Z-description of the relativistic spin [IH])- The following logical step was done by 
Finkelstein j32] , he suggested to consider the wave function depending both the coordinates 
on the Minkowski spacetime and some continuous variables corresponding to spin degrees of 
freedom (internal space). In essence, this generalization consists in replacing the Minkowski 
space by a larger space on which the Poincare group acts. If this action is to be transitive, 
one is lead to consider the homogeneous spaces of the Poincare group. All the homogeneous 
spaces of this type were listed by Finkelstein 13^ and by Bacry and Kihlberg [Sj and the 
fields on these spaces were considered in the works [69] H EDI EZl EHl UUl I12|- 
A homogeneous space of a group G has the following properties: 

a) It is a topological space on which the group G acts continuously, that is, let y he a point 
in JH, then gy is defined and is again a point in A4 {g E G). 

b) This action is transitive, that is, for any two points yi and y2 in it is always possible 
to find a group element g E G such that y2 = gyi- 

There is a one-to-one correspondence between the homogeneous spaces of G and the coset 
spaces of G. Let Hq be a maximal subgroup of G which leaves the point yo invariant, gyo = yo, 
g E Hq, then Hq is called the stabilizer of yo. Representing now any group element of G in 
the form g = gcgo, where go e Hq and gc G G/Ho, we see that, by virtie of the transitivity 
property, any point y E can be given hj y = gcgoyo = gey- Hence it follows that the 
elements gc of the coset space give a parametrization of Ai. The mapping Ai ^ G/Hq is 
continuous since the group multiplication is continuous and the action on Ai is continuous 
by definition. The stabilizers H and Hq of two different points y and yo are conjugate, since 
from Hogo = go, yo = g~^y, it follows that gHog'^y = y, that is, H = gHog~^. 

Coming back to the Poincare group V, we see that the enumeration of the different 
homogeneous spaces A4 of V amounts to an enumeration of the subgroups of P up to a 
conjugation. Following to Finkelstein, we require that Ai always contains the Minkowski 
space M}'^ which means that four parameters of A4 can be denoted by x {x'^). This means 
that the stabilizer H of a given point in Ai can never contain an element of the translation 
subgroup of V. Thus, the stabilizer must be a subgroup of the homogeneous Lorentz group 
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In such a way, studying different subgroups of 0+, we obtain a full list of homogeneous 
spaces = V/H of the Poincare group. In the present paper we restrict ourselves by a 
consideration of the following four homogeneous spaces: 



Mio = 




X 




H = 


0; 


Ms = 




X 




H = 




Mr = 




X 




H = 


su{2y, 


Me = 




X 




H = 





Hence it follows that a group manifold of the Poincare group, Mio = ^^'^ ^ is a maximal 
homogeneous space of V, £,q is a group manifold of the Lorentz group. The fields on the 
manifold M lo were considered by Lurgat ^\ . These fields depend on all the ten parameters 
ofV: 

tp{x, q) = ip{x)llj{g) = ip{xo, Xi, X2, X3)^Ij{Qi, 02, 03, 04, 05, fle), 

where an explicit form of ipi^) is given by the exponentials, and the functions ip{g) are 
expressed via the generahzed hyperspherical functions O7l^„(0) (see (fTOj)) in the case of finite 
dimensional representations and via the function (|HT| in the case of principal series of unitary 
representations. 

The following eight-dimensional homogeneous space Ms = K^'^ x is a direct product 
of the Minkowski space M^'^ and the complex two-sphere S^. In this case the stabilizer H 

A 

consists of the subgroup fi^ of the diagonal matrices i^" ] ■ Bacry and Kihlberg 

y e 2" / 

|3] claimed that the space Ms is the most suitable for a description of both half- integer and 
integer spins. The fields, defined in A^g, depend on the eight parameters of V: 

ii){x, ip^, = ^{x)tp{ip'', 9") = tp{xo, Xi,X2, xs)^{ip, e, 9, r), (91) 

where the functions il){ip'^,9'^) are expressed via the associated hyperspherical functions (j75p 
defined on the surface of the complex two-sphere S^. 

In turn, a seven- dimensional homogeneous space M-j = M^'^ x is a direct product 
of M^'^ and a three-dimensional timelike (two sheeted) hyperboloid H^. The stabilizer H 
consists of the subgroup of three-dimensional rotations, SU{2). Quantum field theory on 
the space M7 was studied by Boyer and Fleming ^^l- They showed that the fields built over 
Aij are in general nonlocal and become local only when the finite dimensional representations 
of the Lorentz group are used. It is easy to see that the fields i/^ E M7 depend on the seven 
parameters of the Poincare group: 

il^ix, T, e, e) = ip{xo, xi, X2, X3)'tp{T, e, e), 

where the functions tp{T,e,e) are expressed via e"''™''^^"^-'^^„(cosh r) in the case of finite 
dimensional representations (the function *pJ„„(coshr) is of the type (j77j) ). and also via 
g-(me+n£)fp^2+*''j^PQg]-^ ^-j in the case of principal series of unitary representations, and via 
g-(me+ne)fpij± j^i-.Qg]-^ -^^ ^^^^^ q£ discrctc scrics. 

Further, a six-dimensional space Me = M}'^ x S*^ is a minimal homogeneous space of 
the Poincare group, since the real two-sphere 5*^ has a minimal possible dimension among 
the homogeneous spaces of the Lorentz group. In this case, the stabilizer H consists of the 
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(cosli — siiili — \ 
sinh cosh ^ j 

g -- ) ' ^sspectively. It is not hard to see that the two-dimensional real sphere coincides 

with a well known Penrose's celestial sphere S~ (or anti-celestial sphere S~^) jH2], and by 
this reason we can define the two types of Aie, namely, Ai^ = M^'^ x 5*^. Field models on 
the homogeneous space A^g have been considered in recent works jUSl IZOl I2H| • In the paper 
j2H| Drechsler considered the real two-sphere as a 'spin shell' 5'^=2s of radius r = 2s, where 
s = 0, 1, |, . . .. The fields, defined in A^e, depend on the six parameters of V: 

Xl){x, if, 0) = 1p{xo, Xi, X2, X3)lp{Lp, 9), 

where the functions ip{(p, 9) are expressed via the generalized spherical functions of the type 
e~*'"'^P^Q(cos^) or via the Wigner Z)-functions. 

6.1 Harmonic analysis on SU{2) SU{2) 

In this subsection we will study Fourier series on the Poincare group V. First of all, the 
group V has the same number of connected components as with the Lorentz group. Later 
on we will consider only the component V\ corresponding the connected component L\ (so 

called special Lorentz group, see [22] )• As is known, an universal covering Vl of the group 

P| is defined by a semidirect product P| = S'L(2, C) T4 ~ Spin_,_(l,3) T4, where T4 
is a subgroup of four- dimensional translations. Since the Poincare group is a 10-parameter 
group, then an invariant measure on this group has a form 

where d^Q is the Haar measure on the Lorentz group. Or, taking into account (jH3j) . we obtain 

doL = sin 9^ sin 9'^d9dipd'4'dTdededxidx2dx3dx4, (92) 

where G T4. 

Thus, an invariant integration on the group SL{2, C) T4 is defined by a formula 



J /(a)rfi°a= j j f{x,Q)d*xd^Q, 



SL(2,€)QTa SL{2,C) T4 

where /(o:) is a finite continuous function on SL{2, C) T4. 

In the case of finite-dimensional representations we come again to a local isomorphism 
SL{2,C) Q T4 c::^ SU{2) SU{2) T4. In this case basis representation functions of the 
Poincare group are defined by symmetric polynomials of the form 

p(^X, Z) ^ ^ ^1 ^1 Oi ^ ^ ' ^ {x')Zoi^ ■ ■ ■ Za^Zoix ' ' ' ^cxri (^3) 

(cn,...,Ofe) 
((il,...,Or) 

{(Xi.dti = 0, 1) 

where the coefficients a"i--"fc"i--"r depend on the variables (a = 0, 1, 2, 3) (the parameters 
of T4). The functions (j93p should be considered as the functions on the Poincare group. Some 
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applications of these functions contained in j32] • The group T4 is an Abehan group formed by 
a direct product of the four one-dimensional translation groups, Ti, where Ti is isomorphic 
to an additive group of real numbers M (usual Fourier analysis is formulated in terms of 
the group R). Hence it follows that all irreducible representations of T4 are one- dimensional 
and expressed via the exponentials. Thus, the basis functions (matrix elements) of the 
finite-dimensional representations of V have the form 

4„(a) = e-^^mL(s), (94) 

where x = {xi,X2,X3,X4), and 93Tj„„(g) is the generalized hyperspherical function (|7n|) . 

Let us consider now the configuration space A^g = M^'^ x S^. In this case the Fourier 
series on Ais can be defined as follows 

+00 00 I 

/(a) = e^P^ E ^'m'^Ti^, e, 0, r, 0, 0), (95) 

p=—oo 1=0 m=—l 



where 



§2 T4 

and d!^Q = sin 6'^ sin O'^dOdifdrde is the Haar measure on f{ct) is the square integrable 
function on Adg, such that 

|/(a)|2rfW0 < +00. 




§2 T4 



Coming to the space Aij = M}'^ x and restricting by the finite dimensional represen- 
tations, we see that the Fourier series on A4j can be defined as 

+00 00 I 
f{x,r,e,e)= ^ ^'"^H E «Le-^™^+"^)q3L(cosh r), 

p=— 00 Z=0 m,n=—l 

where 

c^Ln = ^"^^"^leif ^ / y"/(^,r,e,5)e-^-^L(coshr)e"^^+-rfW^, 

su{i,i) n 

and d^g = sinh rdedrde is the Haar measure on SU (1, 1), f{x, r, e, e) is the square integrable 
function on Aii- In the case of infinite dimensional representations (principal and discrete 
series) we come to the Fourier integrals on Air, where the direct and inverse Fourier trans- 
forms are of the type ()31 |) -()35 |) . The consideration of the infinite dimensional representations 
leads immediately to a harmonic analysis on the hyperboloids |lU7j . However, all the fields 
built in terms of the Fourier integrals on A^y are in general nonlocal. The same statement 
holds also for the fields built in terms of the Fourier integrals on A^io and Aig, where the 
direct and inverse Fourier transforms are defined by the formulae (jHHjl - lj^Uj) . 

Further, the Fourier series on the homogeneous space Ai^ = M^'^ x 5*^ are defined like 
the series on the group SU{2) considered in the subsection 12.11 For the physical purposes 
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it is useful to express the fields on A4q via the Wigner D-functions. Replacing the basis ((Tj) 
by 

/n(3) = ^>n(3), n = -/,-/ + l,...,Z, (96) 
we obtain matrix elements D[^^{0) of the operators Ti{6) related with the matrix elements 
t^rnn^'^) a formula 

DIM = ^"t'mSQ) = i^-'-pLi^osO). 

In contrast to P^^{cos9), the functions D^^,^{6) are real. The full matrix element in the basis 
()96p has a form 

Therefore, for any square integrable function f{x, 9) on Ai^ we have 

+00 00 / 

p=—oo 1=0 m=—l 



where 



52 T4 



and c?^^ = l/AiismOdOdip is an invariant measure on the sphere S"^. In such a way we come 
here to a Fourier analysis on the sphere |99j. It should be noted that solutions of relativistic 
wave equations and quantization procedures was studied by Malin [221 ESI terms of the 
functions over the group SU{2). 

7 Lagrangian formalism and field equations on the 
Poincare group 

We will start with a more general homogeneous space of the group V, Aiio = M^''^ x 
(group manifold of the Poincare group). Let C{a) be a Lagrangian on the group manifold 
M 10 (in other words, C{a) is a 10-dimensional point function), where ex. is the parameter 
set of this group. Then an integral for C{a) on some 10-dimensional volume fl of the group 
manifold we will call an action on the Poincare group: 

A = j d(xC{cx), 
n 

where da is a Haar measure on the group V (see fl92|) ). 

Let il^ia.) be a function on the group manifold A^io (now it is sufficient to assume that 
'j/'(ck) is a square integrable function on the Poincare group) and let 

dC d dC 

TTT - -7^ irr = 97 

aoc 

be Euler-Lagrange equations on M.iq (more precisely speaking, the equations (fHTjl act on 
the tangent bundle TM.iq = U TaA4io of the manifold A^io, see jS]). Let us introduce a 

aeMio 

Lagrangian C{cx.) depending on the field function il^{oi) as follows 
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where B^, {v = 1,2,..., 10) are square matrices. The number of rows and columns in these 
matrices is equal to the number of components of il^{oc), k is a non-null real constant. 
Further, if Bn is non-singular, then we can introduce the matrices 

Tf^ = B^lB^, = 1, 2, . . . , 10, 

and represent the Lagrangian C{cx.) in the form 

£(«) = U(a)T,^^ - felr,V(«)) - (98) 

\ I-'' / 

where 

^ia) = iP*{a)Bu. 

Varying independently iplx) and ip{x), we obtain from ()98p in accordance with ()97p the 
following equations: 



Ti— h kV^(x) = 0, 

a = 1 

Analogously, varying independently ijj{Q) and ip^g) one gets 



,4) (99) 



dg 



k 



+ kiIj{q) = 0, 



(A; = l,...,6) (100) 



where 



The doubling of representations, described by a bispinor ^/^(g) = ('^/'(fl), V'(0))^5 is the well 
known feature of the Lorentz group representations [311 Ell- Since an universal covering 
SL{2, C) of the proper orthochronous Lorentz group is a complexification of the group SU{2) 
(see the section 0]), then it is more convenient to express six parameters 0^ of the Lorentz 
group via three parameters ai, 02, 03 of the group SU{2). It is obvious that Qi = ai, 02 = 0,2, 
03 = «3, 04 = icLi, 05 = icL2, 06 = "^^s- Then the first equation from ()100|) can be written as 

^ ^dai ^ ^ da* 
j=i J j=i J 

Ea.^-Ea4 + ^'^ - 0. (101) 

j=l -I j=l J 

where = —iQ^, = —^05, al = —iQe, and aj, a* are the parameters corresponding the 
dual basis. In essence, the equations ()101|) are defined in a three-dimensional complex space 
C^. In turn, the space is isometric to a 6-dimensional bivector space MP (a parameter 
space of the Lorentz group [SnilHl])- The bivector space MP is a tangent space of the group 
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manifold iig of the Lorentz group, that is, the manifold 2q in the each its point is equivalent 
locally to the space M^. Thus, for all q E £,q we have Tg£,Q ~ R^. There exists a close 
relationship between the metrics of the Minkowski spacetime M^'^ and the metrics of 
defined by the formulae (see f8^ ) 



gab 



ga/3'yS = Qa^gpS — QaSgp-y, 



(102) 



where gap is a metric tensor of the spacetime M ' , and collective indices are skewsymmetric 
pairs al3 — a, 7^ — » h. In more detail, if 



9aP 



/-I 0\ 
0-100 
0-10 



\ 1/ 
then in virtue of ()102|1 for the metric tensor of we obtain 





9ah 



/-I 








-1 










0\ 

-10 
10 
10 
1/ 



(103) 



where the order of collective indices in is 23 — > 0, 10 ^ 1, 20 ^ 2, 30 ^ 3, 31 4, 
12 5. As it is shown in [SE], the Lorentz transformations can be represented by linear 
transformations of the space M^. Let us write an invariance condition of the system (jlOll) . 
Let : a' = Q~^a be a transformation of the bivector space M^, that is, a' = Ylb=i9baO-b, 
where a = (01,02,03,0^,02,03) and gta is the metric tensor ()103|) . We can write the tensor 



()103|1 in the form g, 



ab 



9ik 



9jk 



, then o' = ^ 



l=i9ki^k, a*' 



ELi 9tA- Replacing 



via T ijj', and differentiation on o^ (o^) by differentiation on o'^ (o^') via the formulae 



d 



_d_ 

da*. 



d 
'da*'''- 



we obtain 

E 



_ . dif)' „ ^ _^ dijj' _ ^ dip' 



da', 

_,dj^ 
' da*' 



da[ 
^dip' 



da*' 



'da*' 



+ V = 0, 



E 



.+a4-i^ + o+a4-i^^' 



_^+*idiP' 



da'i 



da'i 



9lKT, 



da'i 



9o* 



(9o* 



(9o* 



+ k'T-^iP' = 
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For coincidence of the latter system with (jlUlj) we must multiply this system by Tg (Tg 
from the left: 



k 



7 + 



0, 



0. 



The requirement of invariance means that for any transformation q between the matrices 
(A^) we must have the relations 



k 

Y.3tkT,Kh' = A*, 



(104) 



where A* are the matrices of the equations in the dual representation space, k'^ is a complex 
number, d/dai mean covariant derivatives in the dual space. 

Let us find commutation relations between the matrices Aj, A* and infinitesimal operators 
(03); (ESI), (SZj), (^Hj) defined in the helicity basis. First of all, let us present transformations 

Tg (Tg) in the infinitesimal form, l+Aj^+. . ., I + Bj^+. . ., I+Aj^+. . ., I + Bj^+. . .. Substituting 
these transformations into invariance conditions ()in4|l . we obtain with an accuracy of the 
terms of second order the following commutation relations 



[Ai,Ai] = 0, 
[A2,Ai] = -As 
[A3,Ai] = As, 


[Bi,Ai] 
[B2,Ai] 
[B3,Ai] 


= 0, 

= ^Ag, 

= -iA2, 


Ai,At' 


= 0, 


A2,A* 


= -A^, 


A3,A^ 


= A*, 







[Ai,A2] 

[A2,A2] 
[A3,A2] 

[Bi,A2] 

[B2,A2] 
[B3,A2] 

Ai,A* 
A2,A* 
A3, A* 



A3, 
0, 



-Ai, 
-«A3, 



0, 

iAi, 



A 



3, 



0, 

-AI, 



[Ai,A3] 

[A2,A3] 

[A3, A3] 
[Bi,A3] 

[B2,A3] 
[B3,A3] 



Ai,A* 
A2,A* 
A3,A^ 



-A2, 

Ai, 

0. 

^A2, 

-iAi, 
0. 



(105) 



(106) 



-A 

A* 

0. 



2, 



(107) 



Bi,A* 


= 0, 


Bi,A; 


= ^A*, 


Bi 


A* 
^^3 


= -^a;. 


B2,AI 


= -*A*, 


B2,A^ 


= 0, 


B2 


A* 
^^3 


= ^AI, 




= ^A*, 


B3,A^ 


= -^A*, 


B3 


A* 
^^3 


= 0. 



(108) 



Further, using the latter relations and taking into account 1)411) . it is easy to establish 
commutation relations between A3, A3 and generators Y±, Y3, X±, X3: 



[[A3,X. 

[A3,X3] 



X4 

= 0, 



2A, 



[[A3,Y 
[Ai,Y3]=0, 



2A*, 



(109) 
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Using the relations (|1U9|) . we will find an explicit form of the matrices A3 and A3, and 
after this we will find Ai, A2 and A^, A2. The wave function t/? is transformed within some 
representation Tg of the group 5'L(2,C). We assume that Tg is decomposed into irreducible 
representations. The components of the function 1/? we will numerate by the indices / and 
m, where / is a weight of irreducible representation, m is a number of the components in 
the representation of the weight /. In the case when a representation with one and the 
same weight / at the decomposition of ij) occurs more than one time, then with the aim to 
distinguish these representations we will add the index fc, which indicates a number of the 



representations of the weight I. Denoting 



lm\lm 



Im; Im) and coming to the helicity basis. 



we obtain a following decomposition for the wave function: 



■0(01,02,03,0^,02,03) 



l,m,k 



Imdrh 



[ai, 02, 03, al, a*2, al)(. 



lTn:l:ih'' 



where Oi, 02, 03, a*, 02, O3 are the coordinates of the complex space 
SL{2, C))^. Analogously, for the dual representation we have 

i/j(ai, 02, 03,0*1, 0*2,0*3) = ^ ?/'L;«m(^i' ^2, 03,0*1, 0*2, 0*3)Cj 

Lrh,k 



(parameters of 



lm;lm' 



The transformation A3 in the helicity basis has a form 



^ Afe _ „k'k /-k' 



l\m\k' 



Calculating the commutators [A3,X3], [[A3,X_] ,X+], we find the numbers cf/; 



k'k 
Lm'm' 



C 



A3 



l—l,l,m 
Mk 



k'k 
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^k'k 



All other elements of the matrix A3 are equal to zero. Let us define now elements of the 
matrices Ai and A2. For the transformations Ai and A2 in the helicity basis we have 



AiC 



k 

Imdm 



k'k Afc' 
"'l'l,m'm^l'm'-im^ 



A 



E 

l',m',k' 
/ J '-'l'l,rn'mSiim'- 



l'.m',k' 



Using the relations Ai = [A2, A3] (or Ai = i [B2, A3]) and (gS)) (or (gHl)), and also dTTTHl . we 
find the elements a^itrn'm the matrix Ai. Analogously, from the relations A2 = — [Ai, A3] 
(or A2 = -i [Bi, A3]) and ^ (or (gHl)), (fTTUl) we obtain the elements of A2. Thus, 



Al 



^/--l,/,m-l,m 

^l+l,l,m-l,m 
^l-l,l,m+l,m 
^l,l,m+l,m 



^V(/ + m)(/ + m-l), 
f^{l + m){l-m + l), 
i^V^(/-m + l)(/-m + 2), 
11^(1 -m){l-m-l), 



'1111 



f^{l + m + l){l-m), 
f^^{l + m + l){l + m + 2). 



^Recall that the wave function ^p{aj, a*) is defined on the group manifold SLq, that is, i/^ is a function on 
the Lorentz group. 
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A. 



iJt'k 
l—l,l,m—l,m 

^l,l,m—l,m 
iJz'k 

vk'k 

"l~l,l,m+l,m 
vk'k 

vk'k 



ICl 



-^^{l + m){l + m-l), 



2 

f^V(/ + m)(/-m + l), 
^V(/-m + l)(/-m + 2), 



ri^V(/-m)(/-m-l), 



(112) 



-f^V(/ + m + l)(/ 



v/(/ + m + l)(/ + m + 2). 



Coming to the dual representations, we find elements of the matrices A^, A2 and A3. The 
transformations A* in the dual helicity basis are 



lm;lm 
A*t^. 



''lm;lm 



,m' ,k' 

E^k'k ^k' 

,m' ,k' 

Erk'k ^k' 



Im'' 



I'm'k' 



Calculating the commutators [AgjYs], [[A3,Y„],Y+] with respect to the vectors Cf- . of 



the dual basis, we find elements of the matrix A3. Using the relations A^ 



A2,Ar3 



or 



A* 



B2,A* 



and (jTfjl (or (j48|l ). we find elements dljij' . , . of the matrix A*. And also 



from the relations A2 



Ai,A* 



(or A* 



Bi,A* 



we obtain elements ef,'/^. , . of hi. 

l'l,m'm ^ 



All calculations are analogous to the calculations presented for the case of Aj. In the result 
we have 



A* 



a: 



^k'k 
l—l,l,m—l,rh 

^k'k 
l,l,rh—l,rh 

^k'k 

^k'k 
l—l,l,m+l,m 

^k'k 
^k'k 



^i—l,i,rn—l,rn 
^ij,rh—l,rh 
/+l,/,m— l,m 

^i—l,i,rn+l,rn 
l,l,rh+l,rh 

^i+l,i,m+l,m 



{I + m)(/ — m — 1), 



f J(/ + m)(/-m + l), 



^1+1,1 



i-i.i 



(/-m + l)(/-m + 2). 



2 y (Z — m)(/ — m — 1), 
fj{l + m + l){l 



^1+1,1 



(/ + m + 1)(/ + m + 2). 



{I + m){l — rh — 1), 
^^(/ + m)(/-m + l), 
/(/-m + l)(/-m + 2). 



(/ — m)(/ — m — 1), 
(/' + m + 1)(/ - m). 



(/ + m + l)(/ + m + 2). 



(113) 



(114) 
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A* 



fk'k 

rk'k 
J i+1 



k'k .[Tl 



k'k 
ILrh 



k'k • 

Cjj^ m, 



(115) 



Lm 



^k'k 



7.1 Boundary value problem 

Following to the classical methods of mathematical physics jSHI, it is quite natural to set up a 
boundary value problem for the relativistic wave equation (relativistically invariant system). 
It is well known that all the physically meaningful requirements, which follow from the 
experience, are contained in the boundary value problem. 

We will set up a boundary value problem for the two-dimensional complex sphere (this 
problem can be considered as a relativistic generalization of the classical Dirichlet problem 
for the sphere 5*^). 

Let T be an unbounded region in <C^ ~ and let 11 be a surface of the complex two- 
sphere (correspondingly, S, for the dual two-sphere), then it needs to find a function = 
{'^mio) , 4'rn,{Q))'^ Satisfying the following conditions: 

1) is a solution of the system 

EA.^-'EA,^-^'V- ^ 0, (ua, 

i=i ^ j=i 3 

j=l J j=l 3 

in the all region T; 

2) is a continuous function (everywhere in T), including the surfaces S and S; 

3) ipm{Q)\^ = F„,{g), ipmid) ^ = Frnio), whcrc Fmio) and -F^(g) are square mtegrable 

functions defined on the surfaces S and S, respectively. 

In particular, boundary conditions can be represented by constants. 



ip{g) = const = Fq, iP{q) 



= const = Fq. 



It is obvious that an explicit form of the boundary conditions follows from the experience. 
For example, they can describe a distribution of energy in the experiment. 

With the aim to solve the boundary value problem we come to the complex Euler angles 
and represent the function xl){r,6^,ip^) = {■iljrn(yr,9'^,ip'^),ipm{r*,9'^,ip^))'^ in the form of 
following series 

oo I 

^„(r,r,¥.^) = ^^/,^,(r)^a™9JlL(¥',e,^,r,0,0), (118) 

1=0 k n=-l 
oo I 

^^(r*,r,0^) = ^^/,„,(r*)^af^$m^„j¥.,e,^,r,0,0), (119) 



=0 k 
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where 



a 



l,n 



a 



Lh 



:-l)"(2/ + l)(2/ + l) 
327r4 

:-l)"(2/ + l)(2/ + l) 
327r4 



Fmi9', <^'')TV^i^, e, 9, r, 0, 0) sin ^ sin O^dOdipdrde, 



E^{9', ^^)mf{^, e, 9, r, 0, 0) sin r sin 9^d9d<pdTde, 



The index k numerates equivalent representations. Tlf{ip,e,9,T,0,0) (^M"{^p,e,9,T,0,0)) 
are associated hyperspherical functions defined on the surface E (S) of the two-dimensional 
complex sphere of the radius r (r*), fimki''^) and firnki''^*) are radial functions. It is easy to 
see that we come here to the harmonic analysis on the complex two-sphere, since the series 
()118|) and ()119p have the structure of the Fourier series on S^. 

General solutions of the system (llUlj) have been found in the work |115j on the tangent 
bundle T£,q = U Tg£,Q of the group manifold £q. A separation of variables in ()1U1|) is 

realized via the following factorization 

"PLim = /L(r)ML(¥^,6,^,r,0,0), 



^ Im: 



Im 



fL,ir*)m^lni^,e,9,T,0,0), 



(120) 



where Iq > I, —Iq < m, n < Iq and /q > /, —Iq < m, h < Zq- In the result of separation 
of variables the relativistically invariant system (jlOlj) is reduced to a system of ordinary 
differential equations (for more details see |115p : 



/ V '^1,1-1 



2V/2 - m2 



dr 



+ ^ V(/ + m)(/ + m - 1) v/(/o + m)(/o - m + l)f\\^_,^,,{r) + 

+ -^{1 -m){l-m- 1) v/(/o + m + l)(/o - m)fll,^^^,^,,{r) 



d'r -"^-/^^VW- 



1.^(1 + m){l-m + 1) V(/o + m)(/o - m + l)/;%_i,,,(r) + 

+ V(/ + m + 1)(/ - m) v/(/o + m + l)(/o - (r) 



+ 



'^//+l,m,fc'(^) , 1 



2v/(/ + 1)2 -m^ 



+ -/V(/ + l)2-m2/ 



_ i V(/ - m + 1)(/ - m + 2) v/(/o + m)(/o - m + l)/;';.i,„_i,,,(r)- 
— V(/ + m + 1)(/ + m + 2) V(/o + m -f l)(/o - rn)f 



Z+l,m+l 
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dr* 



- —(i + -m2/|" ^ . . (r*) + 



+-^(/ - m)(/ - m - 1)^ (/o + m + l)(/o - 



+ 



2m 



dr* 



-i;^J{l + rn){l-m-l)^^{h + m){l,-m+ l)f\^^_^ ^, (r*) + 



+ -\J{l + m + l){l-m)^J{lo + m+l){h- m)ff^_^^ ^,{r*) 



+ 



2J(/ + 1)2 -m2 



dr* 



^{l-m + m - m + 2)^(Zo + m)(/o - m + 



(/ + m + + m + 2)V (/o + m + l)(/o - m)f 



/+l,m+l,fc' 



+ 



+ '^^/L'(^*)=0- (121) 

Substituting solutions of this system into the series pi8|) and ()119p . we obtain a solution of 
the boundary value problem. It is easy to see that a boundary value problem of the same 
type can be defined on the homogeneous spaces Aig and MIq. The analogous problem on the 
homogeneous space Aij leads to relativistic wave equations in 2+1 dimensions |3^IH^IT^I1T] 
(or relativistically invariant system on the group SU{1, 1)). The boundary value problem 
for the hyperboloid comes beyond the framework of this paper and will be studied in a 
future work. 



8 The Dirac field 

In this section we will consider a boundary value problem for the Dirac field (1/2, 0)©(0, 1/2) 
(electron-positron field) defined on the homogeneous space Aig- Solution of this problem 
allows us to construct field operators and further to define a quantization procedure for the 
Dirac field on the space ^As. 

We start with the Lagrangian (j98p on the group manifold Aiio'- 

1 f— d%l>{oL) d^l>{a) 



£(.) = -- U(o)r„^ - ^r„v>(«: 



\ (?(«)T.^ - ) - .?(«)^(a). (122) 



40 



where ip{a.) = ip{x)ip{Q) {fi = 0,1,2,3, z/ = 1, . . . , 6), and 



where cTj are the Pauh matrices, and the matrices Aj and A* are derived from ()11H) - ()110|) 
and (im-dTra) at 1 = 1/2: 

1 /^o A A 1 -A A 1 A 

Ai = -ci 1 „ , Ao = — ci 1 . „ , A'^ = — ci 1 „ 

^ 2 52\l 0/' ^ 2 52 U 0/' 2 2 2 \ -1 



1 


^0 


= -Ci 1 





2 22 


1. 


^0 -i 


= -Ci 1 


A 


2 22 



It is easy to see that these matrices coincide with the Pauh matrices when ci i = 2. 

2 2 

Varying independently il){x) and ip{x) in the Lagrangian (|122|) . and then iP{q) and ip^Q), 
we come to the following equations: 



^ = 0, 



1,...,4) (127) 



(A; = l,...,6) (128) 



Now we can formulate the boundary value problem. Let T he an unbounded region in 
M.8 = M}'^ X §^ and let J2 (T,) be a surface of the complex two-sphere, then it needs to find 
the function i/'(q:) = {4'i{f^),i^2{cit),ipi{,cx.),ip2{ct))'^ , such that 

1) iI^{ol) satisfies the equations \121^ and M2t^] in the all region T. 

2) iI^{ol) is a continuous function everywhere in T . 

3) 'il)m{oi-)\ = Fmict), -ipmio!.) =Fm(a), whcrc Emioi) and Fm(oc) are square integrable 

and infinitely differentiable finctions in m = 1,2. 

The first equation from ()127p coincides with the Dirac equation, and the second equation 
coincides with the Dirac equation for antiparticle. As is known, solutions of these equations 
are found in the plane- wave approximation, that is, in the form [TH I93p: 



i(j+{x) = u{p)e-'P^ 
{x) = f(p)e' 



ipx 



•^This form is a direct consequence of the T4-structure of the field equations (|127|l . since the variables Xi 
are parameters of T4 and all the irreducible representations of T4 are expressed via the exponentials. 
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where the solutions ip^lx) and ip (x) correspond to positive and negative energy, respec- 
tively, and the amplitudes u{p) and v{p) have the following components 



«i(p) 



E + m 
2m 



E + m 
2m 



1/2 



1/2 



/ 1 \ 



E+m 
\E+m/ 

/ Pz ' 

' E+m 

P+ 
E+m 

1 

V / 



where p± = ± ipy. 

Further, the first equation from 



MP) 



E + m 
2m 



E 



m 



2m 



can be written as 



1/2 



/ \ 



1/2 



E+m 
\E+m/ 

' E+m \ 

-Pz 
E+m 



V 1 / 



3 



A 



3 



da* 



0, 



i=i i=i 

Or, taking into account the explicit form of the matrices (A*) given by 



(129) 

(130) 
we obtain 



1 dip2 _^ i d^2 

2 dai 2 da2 



'2dS^ 

iav'2 



2 da2 
_ i d%l)2 
~ 2 9^ 



+ 



1 d-ipi i dip2 1 dip2 i dipi 

2d^ 

i dip2 



2 das 
2da-i 

2das 
ldi:2 



2 dai 

2 dai ' 2 da2 2 da^ 2 da\ 



2 dZl 
i dipi 
2d^ 

1 dil)2 

2 9^ 
i dipi 



2 dai 
I dtpi 
2d^ 



+ 



2 daX 



1 d4)2 i dijji 
~ 2'da*2 ~ 2'd(4 
1^ i dip2 
" 2 (9a? 



2 da*2 





= 0, 


K''lp2 


= 0, 




= 0, 


k^ip2 


= 0, 



(131) 



The latter system acts on the tangent bundle T£,q of the group manifold 2q. Coming to the 
helicity basis, we will find solutions of the system ()13ip . that is, we will present components 
of the Dirac bispinor ip = (■^i, ■02, "^i, "^2)^ in terms of the functions on the two-dimensional 
complex sphere (the indices k and k we can omit, since representations ri q and Tq 1 occur 
only one time): 



^1 
^2 

^1 
^2 



■01 i-i 1 
2 ' 2 ' 2 ' 2 



/iiWOJli„(¥^,e,e,r,0,0), 

2'2 2' 

^|,-|;i|=/i-iW9?tii,„(^,6,e,r,0,0), 

2'2 2'" 

= /i_i(r*)9Jl^ .(<^,e,^,r,0,0), 

n t n n 1"' 



'4'i i-i i 
2 ' 2 ' 2 ' 2 



1 1.1 

2 ' 2 ' 2 ' 



Substituting these functions into (jl31|) and separating the variables with the aid of recurrence 
relations between hyperspherical functions, we come to the following system of ordinary 
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differential equations (the system (|12ip at / = 1/2): 
ldf{ i(r*) 1 . + i ■ 



, . , . /i -k'/i i(r) = 0, 

2 uT* Ar* 2'2 2r* 2' 2 2 '2 

irf/'i_i(r*) 1 . / + i ■ 

:^^;r! T^/i - drl - ^'A = 0, 

2 ar 4r 2' 2 zr 2'2 2' 2 

- ^/i dr) - ^/i _i - .in = 0, 

2 ar 4r 2'2 2r 2-2 2-2 

id A i(^) 1 / + i 

-^^^^p^ + ^A ..(r) + ^/i i - k^A .dn = 0, 

2 ar 4r 2' 2 2r 2-2 2' 2 

For the brevity of exposition we suppose fi = A il^); /2 = A-iii")^ /s = A 1(1"*)^ 

2 ' 2 2 ' 2 2 ' 2 

f4 = A_i{r*). Then 



2 ' 2 



2(/+i) 



ar r r 
ar r r 

Let us assume that /3 = Tf^ and = ±/i, then the first equation coincides with the 
second, and the third equations coincides with the fourth. Therefore, 



dr* r 
df^ l + l 



f, + 2k' f, = 0. 



dr r 

Let us consider a real part Rer of the radius of complex two-sphere. It is obvious that 
Rer = Rer*. Denoting z = Rer = Rer* and excluding the function f^aXl = I, we come to 
the following differential equation: 



2^? /i 



- - 1 -4/€W)/i = 0. (132) 



dz^ dz 

The latter equation is solvable in the Bessel functions of half-integer order: 
/^(z) = Cx^J^FkFzJi (y^Fk^z^ + C2y/K^zJ_i (y^^z^ . 
Further, using recurrence relations between Bessel functions, we find 



. ( . I fl + 1. , , df. 



2k^ \ z ' dz 



TV (^') - TV ^'^-'-^ (^') 
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Therefore, 



/i i(Rer) = CiVn^k^RerJi (yn^k^Rer^ + C2V n^k^RerJ^i (^Vn^k^Re r j 



f{ _i(Rer*) = —J—Rer*Ji+i (\^^Rer*) - — W— RerV_i_i fy^Rer*) . 

2'2 2 \ K'^ \ / 2 \ K'^ \ / 

In such a way, solutions of the system ()131|) are defined by the following functions: 



where 



f\,iRer)m{^iip,e,e,T,0,0), 

2'2 2' 

±/ii(Rer)!mLi„(¥^,e,e,r,0,0), 

2'2 2' 

T/i^i(Rer*)mti .(<^,e,^,r,0,0), 

2' 2 2' 

/i_i(Rer*)9JlS .(^,e,^,r,0,0), 



13 5 
2' 2' 2''"' 



n 



n = — /, — / + 1, . . . , /, 

m^^, Jcp, e, r, 0, 0) = e^^(^+^^)zii J^, r), 



•1 3 5 
2' 2' 2''"' 



, 1 , J, r I = cos 



^' ^ cosh^^ I i± 2 *= tan=^ 2 ^ - 
9 ^ 9 



T 



k=-l 

±1 - / + 1, 1 - / - A; 



f tan^ - I 2F1 1 



n — k + 1 



OJl^i . (y., e, ^, r, 0, 0) = e^^(-^^)Zii . (^^, r) 



tanh — 



r) = cos^' - cosh^' - 
^ 2 2 



^-^tan±5"^^tanh"-^-: 



k=~l 

±\-i + 1,1 - i-k 

±\~k+l 



,e\ n-l + l,l-l-k 

I tan - hi^i . ,• ^ 

2/ \ n-k+l 



tanh 



Therefore, in accordance with the factorization an explicit form of the particular 
solutions of the system p27|) - p28|) are given by expressions 



^ „H = ^i+(xX(0) = ni(p)e-^^^/i i(Rer)$mi„(^,e,^,r,0,0), 

2 '2 2' 

^L(") = V^2+(a^)^L(s) = ±«2(p)e-^^^/i i(Rer)nJtS Jy^,e,^,r,0,0), 

9 ' 9 9 ''^ 



^i^(a) = V^r(a^)^in(fl) = Tt^i(p)e'""/i „i (Rer*)9Jli . (y., e, ^, r, 0, 0), 

2' 2 2' 

V'LH = V^2"(a^A(fl) =^2(p)e^^^/i_i(Rer*)aJlS .(¥.,e,e,r,0,0). 

2' 2 2'" 



(133) 
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The general solutions we obtain via an expansion in the particular solutions: 

+00 00 I 

^i(a) = 5^ «i(p)e^P^5^/. .(Rer) 5^a,^„mt'._J^,e,e,r,0,0), (134) 

p=— 00 /=i n=—l 

+00 00 I 

= ± 5^ n2(p)e^^^^/y(Rer) 5^a~imtLi,„(^,e,^,r,0,0), (135) 

p=— 00 n=—l 
+00 00 I 

^i(a) = T 5^ t^i(p)e-^P^5^4^_i(Rer*) ^a|.^ .(^,e,^,r,0,0), (136) 

P=-°° Z=i n=-/ 

+00 00 I 

^2(a) = J] t;2(p)e-^^^^A_.(Rer*) J^ar^DJlS .(^,e,^,r,0,0), (137) 



where 

±1 (-1)"(2Z + 1)(2/ + 1) 




§2 T4 



327r4/i i(Rea 

2 ' 2 

±1 ^ (-1)"(2Z + 1)(2/ + 1) 
327rVi_i(Rea*) 

2 ' 2 -/ 4 




F^i (a)e"**'^!m;, 1 Jy., e, ^, r, 0, 0)rf^xrf^g, 

2 2 ' 

F±i (a)e'^'^OJli, 1 ^((/., e, ^, r, 0, Q)d^xd%, 



These series give a solution of the boundary value problem for the Dirac field. 



8.1 Quantization 

It is well known that the method of second quantization, introduced in the works j2Sl 1211 OH 
HH m] ! is a conceptual base of quantum field theory. In connection with the problem of 

constructing the quantum electrodynamics on the Poincare group, it needs to transfer the 

formalism of second quantization onto the group manifold M.u) or M.q). We consider 

briefly this question in case of Alio- 

Let ?i be a complex Hilbert space realized with the aid of functions / with summable 

square on the set M endowed with a measure. Let / —>•/"'" be an involution on the space 

7i, that is, the mapping satisfying the following conditions: 

1) in* = /, 

2) (/l + /2)+ = /l^ + /2+, 

3) (A/)+ = A/+, 

4) (/l,/2)+ = (/2+,/i+). 

Let M be a parameter set of the Poincare group. When a physical system consists of n 
particles and the states of k-th particle are described by a space Tik of the functions with 
summable square on the set M^, then the states of the system are described by the functions 
with summable square which depend on n variables cki, . . . ,q;„, where e M^. Let us 
denote this space as When the system consists of n identical particles, the sets 
coincide with each other, and the space Sj" in this case is called a configuration space. 

Let I and | $) be state vectors describing the system of n identical particles. The 
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scalar product of these vectors in the configuration space has a following form 
(^,$) = j dcti J da2--- j d(Xn{^ I cti,...,an){ai,...,an \ $) = 



ddi / dct 



dctn'^^cti, a„,)$(Q:i, . . . , Q;„), (138) 

where da.i is a Haar measure on the Poincare group of the form (j92p . 

It is well known that in dependence on the kind of particles the system of n identical 
particles is described either by a subspace Hp C H"" of antisymmetric functions or by a 
subspace C Ti"' of symmetric functions. In the first case the particles are called fermions, 
in the second case we have bosons. 

The states of the system, consisting of a variable number of particles, are described by 
vectors of a space S^. The space ^ is a direct sum of all and a one-dimensional space 

which corresponds to the absence of particles (vacuum). The system, consisting of a 

oo 

variable number of fermions, is described by a subspace Hp C S^, where Hp = J2 ©'^f; 

n=0 

Tip, = S)^. In turn, the system, consisting of a variable number of bosons, is described by a 



subspace Hb C 9), where Hb 



jn -^0 



The elements of the subspaces l-ip and 



S / i-B 

?i=0 

I-Lb describe the states of real physical systems. By this reason, l-ip and I-Lb are called state 
spaces (or Fock spaces). 

The vectors | of ^ can be written in the following form: 



{Oil I ^) 
(Q;i,a2 I ^) 

{a.i,OL2,...,OLn;n \ ^) 



r ^0 

^^ai) 
^^(ai,a2) 

^"(ai,a2, 



(139) 



and 



oo „ 

(^,^) = + / |^"(ai,a2 

n=l 



(140) 



where d'^Q; = daidct2 ■ ■ ■ dctn. It is obvious that the vectors, which have only n-th nonzero 
components, form the subspace C ^. In turn, the vectors, belonging to the spaces Hp 
and He, and also their scalar products in these spaces, are defined by the formulae (jl39p 
and (jl4(jp . but in the first case all the functions "^^{(Xi, a2, . . . , Q:„) are antisymmetric, and 
in the second case they are symmetric. 

The action of annihilation and creation operators on the n-particle states are defined by 
the standard formulae 



ni,n2, 
ni,n2, 



/rii I rii, ^2, . . . ,ni - 1, . . .), 
\/ni + 1 I ni, n2, . . . , nj + 1, . . .) 



in the case of Bose-Einstein statistics, and 



rai,n2, . . . ,ni, . . .) 
ni,n2, . . . ,ni, . . .) 



{-Ifrii I ni,n2,...,ni-l,...), 
(-1)'*'(1 - Hi) I ni,n2, . . . ,ni + 1, . . .) 
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in the case of Fermi-Dirac statistics. 

In hke manner, the formahsm of second quantization can be transferred onto the homo- 
geneous spaces ^As, Mr and A4q, and also onto other homogeneous spaces of the Poincare 
group contained in the Finkelstein-Bacry-Kihlberg list [HSl IHl and endowed with a measure. 

Coming back to the electron-positron field, we see that the following logical step consists 
in definition of the field operators. As is known, in the standard quantum field theory the field 
operators are defined in the form of Fourier integrals (or Fourier series) on functions, which, 
in general, are solutions of some relativistic wave equation in the plane wave approximation. 

In our case the electron-positron field can be represented in the form of following super- 
positions (field operators): 



s=l s=l 
2 2 _ 

V^(a) = 5^a+V^,(a) + ^b,^,(a), (141) 



s=l s=l 



where and a^ are creation and annihilation operators of the electron in a state 
s, and bs are creation and annihilation operators of the positron in a state s, 
ipsif^) and ipsici) are Fourier series p34|) - ()135p and p36p - p37|) which form a bispinor 
{■iIji{cx) , ip2{ct) , , 'ip2{ct))'^ on the homogeneous space Ais- The operators a^, a^, b^, 
bs satisfy the following anticommutation relations: 



(142) 



Using the relations ()142|) . we can calculate anticommutators of the electron-positron field: 

[V'„(a),V'^(a')]^ = 0, 
[V^Ja),V^^(«')]^ = 0, 

= S^p{cx,cx'), (143) 



[a^, a+] 


_,_ — Sss', 


[b.,b+]_^ 


— ^ss', 


[as, 3s'] 


+ = 0, 


[bs, bs']_^ 


= 0, 




U = 0' 


[b+,b+]_^ 


= 0, 


bs']+ = 




[a^,bsO_^=[a; 





where 



2 



s=l 

2 _ 

s=l 

In the absence of an external electromagnetic field the functions S'^Jcx, a') and S~Ja, a') 
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can be written as follows 



2 

s=l p 

oo 

V/i i(Rer)/i i(Rer)x 

' 2'2 2'2 

I 

n=-l -^'^ 



y f{ _i(Rer*)/'i _i(Rer*)x 

^ 2 ' 2 2 ' 2 



V m [,,,s-. . (<^, e, ^, r, 0, 0)9Jl';_,,._, . (<^', e', 6', r', 0, 0), 

2 2 

h=—l 

Taking into account that e, 6^, r, 0, 0) = e~'^'^''Z^„(cos 6''^), we obtain 

m^^{ip,e,e,T,0,0) = e^'"^'Z^„(cos^^) = (-l)"-'"e^'^'^'Z^„(cos^^). Using the addition the- 
orem for hyperspherical functions (see jJITj), we obtain 



2 

^+^(« - a') = 5^ 5^ w,,(p)«^,(p)e^^(^-^')x 

s=l p 

e-^^-f-(^-^^') V/i i(Rer)/i i(Rer)Z;_,)._, (cos^"), 

^ 2'2 2'2 -^^ 5 ,- 2 

l=-2 



2 

S-^{cx - cx') = 5^$^t;..(p)t;;3.(p)e-^(---')x 

s=l p 

_j oo 

(Rer*)/i _i(Rer*)z|_,,._i (cos^"), 

2' 2 2' 2 -^^ ^ ^ 

where cos 9^" = cos O'^ cos 0^^' — sin 6'^ sin 0'^' cos y^'^'. 

Let us consider now normal products of the operators ()14ip . Supposing 

where tp^^^a) are annihilation operators of electrons and tjj^~\o!.) are creation operators of 
positrons, and correspondingly tlj^~^\cx.) are creation operators of electrons and ip^ are 



48 



annihilation operators of positrons, we see that 
Taking into account the latter A^-products, we have 

In accordance with (|143j) . tp^'^'' {cx.)ilj^^\a.') = —'(lj^~^\a')ilj^^\a.) + S^{a,a'), therefore, 

= N{il^{a)'^{(x')) + S+{a-a') 

= iV(tA(aMa')) + ^K^(«'), (144) 
where ^{cx)il)^ {a.') = S^{a — a') is an operator coupling. Analogously, 

^{a)il){cx') = N{i^{a)tl){(x')) + S~{a-a') 
= iV(V^(«)V'(a')) + ga)V^(«'), 

^(a)V^(a') = Ar(V^(a)^(a')), 'j/'(a)V'(«') = N{il){a)il){a.')). 
Hence it follows that couplings of distinct A^-products of the operators i/' and i/; are 

iV^(a)V?| (a') = 0; ^ia)i^^ (a') = 0. 
Thus, the vacuum expectation values of the operator products are defined as 

(0 I V(a)V'(« ) I 0) = |V^(a)^ (aO = S+{a-a'), 

(0 I V'(a)V(a') I 0) = ^iay4^{ci') = S-{a-a'), 

(0 I V^(a)V^(a') I 0) = 0, 

(0 I V(a)V'(a') I 0) = 0. 

Further, we can define time ordered products of the field operators (since t is a parameter 
of the Poincare group): 

-%p[cx')xp[OL), t > t. 
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Using (jl44|) . we can express (jl45|) via the A^-products: 

Since —N{ijj(oc')xJj{a.)) = A^('0(a)'0(Q;')), then ()146|) can be rewritten as 



where ^'ij)[cxyi^ [ex.') is a time ordered couphng of the field operators: 

,V>(q;)^ (qO = - qQ, t>t'; 

-|V^(a')V'|(«) = -'^"(a-a'), ^' > ^• 



'i/;(a)^(Q:') 



In hke manner we find for other T-products the following expressions 
T(V^(«)V'(aO) = -T(V'(a')V^(a)) 



whence it follows that 



'^/j(a)V?(a') = -'V'(aOV' H, = 0, V^(a)V?(a') = 0. 

Therefore, vacuum expectation values of the time ordered products are defined by expressions 



(0 I T(V(a)V^(a')) I 0) = 'V'(a)V?(Q:'), 

(0 I r(V^(a)V'(a')) I 0) = 

(0 I T(V^(a)V^(a')) I 0) = 0, 

(0 I T(V(a)V'(a')) I 0) = 0. 

9 The Maxwell field 

In this section we will set up a boundary value problem for the Maxwell field (1, 0) © (0, 1) 
(photon field) defined on the homogeneous space A^g- At this point, electromagnetic field 
should be defined in the Riemann-Silberstein representation |124[ I1U41 IT^ . The Riemann- 
Silberstein (Majorana-Oppenheimer) representation considered during long time by many 
authors [7T1 IHH 113 [771 EH 113 1221 EHl- The interest to this formulation of electrodynamics 
has grown in recent years [^llU5|l^ l31j. One of the main advantages of this approach lies in 
the fact that Dirac and Maxwell fields are derived similarly from the Dirac-like Lagrangians^. 
These fields have the analogous mathematical structure, namely, they are the functions on 

^Moreover, in contrast to the Gupta-Bleuler method, where the non-observable four-potential is 
quantized, the Majorana-Oppenheimer electrodynamics deals directly with observable quantities, such as 
the electric and magnetic fields. It allows one to avoid non-physical degrees of freedom, indefinite metrics 
and other difficulties connected with the Gupta-Bleuler method. 
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the Poincare group. This circumstance allows us to consider the fields (1/2, 0) © (0, 1/2) and 
(1, 0) © (0, 1) on an equal footing, from the one group theoretical viewpoint^. 

We start with the Lagrangian on the group manifold A^io- Let us rewrite in 
the form 

rf^^ ^ (^( \r ^^(") ^^^Hp Mr.^ 

- 2 [^^''^^'^. ^T^^'^^"^ ' ' ^''^^ 

where (f){a.) = (f){x)(f){Q) (/i = 0, 1, 2, 3, z/ = 1, . . . , 6), and 

To = r, = f » -"'1 , r. = (° '"A , r3 = -f] , (i48) 



I OJ ' ' \ai J ' ' \a2 J ' \a3 

T:^f° T.^f° f]. r,J^_ f], (149) 



Ai y ' ^ y ' ^ V^3 



ai = i , 02 = , ttg = , (151) 






where 



and the matrices A^- and A* are derived from (jllljl - ljliup and (jll3p - (jll5p at / = 1: 

Ai = ^ I 1 I , A2 = ^ I i -i\ , A3 = cii |o j . (152) 







/I 

a; = — cn \i -i\ , A* = cn | . (153) 

\0 -1, 

Varying independently (j){x) and 0(x) in the Lagrangian ()147|) . and then 0(g) and 0(g), 
we come to the following equations: 



= 0, (156) 

= 0. (157) 



^In this connection it is interesting to note that in the gauge theories electromagnetic field is understood 
as a 'gauge field' that leads to a peculiar opposition with other physical fields called by this reason as 'matter 
fields'. 
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Let us formulate the boundary value problem for the field (1, 0) © (0, 1). Let T be an un- 
bounded region in Ais = ^^'^ ^ o,'>T'd letT, (T,) be a surface of the complex (dual) two-sphere, 
then it needs to find the functions 4>{cx) = {(f)i{a.), 02(q:), 4>3{cx), 0i(q;), 4>2{oi), ^sIck))"^; such 
that 

1) <p{ct) satisfies the equations ^154\ )- fi^} and Ill5f^} - \15'7\ ) in the all region T. 

2) (t){cx) is a continuous function everywhere in T . 



3) 



FrniOL] 



Fm{cx), where ^^(q;) and F„^{cy) are square integrable 



and infinitely differentiable functions on m = 1,2, 3. 
First of all, the equation ()154|) can be written as follows: 



ihd_ /O / 
cdt[l 



ih 



d /O 



9x \OL. 



-a, 




:i58) 



where 



ix] 



E-iB 
E + iB 



E2 - 1B2 
— iE^ 
El + tBi 
E2 + iB2 
\E, + tB^,J 



From the equation 



it follows that 
ih d 



- ihai 
c at ax 



d_ 

d 



[X] 



ih d 

— — + thai — 
c at ax 



0, 
0. 



(159) 
(160) 



The latter equations with allowance for transversality conditions (p-0 = 0, p-0 = 0) coincide 
with the Maxwell equations. Indeed, taking into account that (p ■ a)(j) = hV x 0, we obtain 



ih d(j) 

~c~di 
-ihV ■ 



— -r- = -W X 



0. 



(161) 
(162) 



Whence 



V X (E 
V- (E 



iB) 
iB) 



i (9(E - iB) 

c 



dt 







(the constant h is cancelled). Separating the real and imaginary parts, we obtain Maxwell 
equations 



V X E 

V X B 

V- E 
V- B 



IdB 

'c~dt'' 
IdE 

c~dt' 
0, 

0. 
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It is easy to verify that we come again to Maxwell equations starting from the equations 

^ +ihai4-] 'Pi^) = 0' (163) 



c dt 

-ihV-(p{x) = 0. (164) 

In spite of the fact that equations and pCiOj) lead to the same Maxwell equations, the 

physical interpretation of these equations is different (see [12, 38j). Namely, the equations 

()159|) and ()160|) are equations with negative and positive helicity, respectively. 

_ + 

As usual, the conjugated wavefunction 0(x) = 0(x)ro = (0(x),0(x)) corresponds to 
antiparticle (it is a direct consequence of the Dirac-like Lagrangian ()147j) . (j){x) is a complex 
function). Therefore, we come here to a very controversial conclusion that the equations ()155|1 
describe the antiparticle (antiphoton) and, moreover, hence it follows that there exist the 
current and charge for the photon field. At first glance, we come to a drastic contradiction 
with the widely accepted fact that the photon is truly neutral particle. However, it is 
easy to verify that equations (|155|) lead to the Maxwell equations also. It means that the 
photon coincides with its "antiparticle" . Following to the standard procedure given in many 
textbooks, we can define the "charge" of the photon by an expression 

Q ~ y" rfx0ro0, (165) 

where (j)To(j) = 2(E^ + B^). However, Newton and Wigner [ZO] showed that for the photon 
there exist no localized states. Therefore, the integral in the right side of ()165p presents 
an indeterminable expression. Since the integral ()165|) does not exist in general, then the 
"charge" of the photon cannot be considered as a constant magnitude (as it takes place for 
the electron field which has localized states [THj and a well-defined constant charge). In a 
sense, one can say that the "charge " of the photon is equal to the energy + of the 
7-quantum. 

We see that the equation ()158|) leads to the two Dirac-like equations ()159p and ()160|) 
which in combination with the transversality conditions ()162|) and ()164|) are equivalent to 
the Maxwell equations. Let us represent solutions of (jl59|) in a plane-wave form 

(f){x) = e{k) exp[in-\k ■ x - ut)]. (166) 

After substitution of p66|) into p59|) we come to the following matrix eigenvalue problem 

(0 iks —ik2 
—iks iki 
ik2 —iki 

It is easy to verify that we come to the same eigenvalue problem starting from (jl6(jp . The 
secular equation has the solutions u = ±ck, 0. 

Therefore, solutions of ()158|) in the plane-wave approximation are expressed via the 
functions 













e2 









;k;x,t) = {2(27r)3}-^(j^|^|^exp[z(k-x-c.t)], 
)o(k;x) = {2(27r)3}-^(^J°|^|)exp[^k-x] 
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and the complex conjugate functions 0+(k;x, t) and 0o(k;x) (E + iB) corresponding to 
positive hehcity, here uj = c|k| and £x(k) (A = ±, 0) are the polarization vectors of a photon: 



5±(k) = {2\km + ki)y 



—kik^ ± zA;2|k| 
-k2k3 =F iki\k\ 

Jv-^ ~\~ 



£o(k) 



'ki' 

k2 
ks 



Let us find now solutions of the SL{2, C)-part equations ()15(i|l - ()157j) . Taking into account 
the structure of given by p24j) - ()125|) . we can rewrite the equation as follows 



k=l 
3 



k=l 
3 



k=l 



0. 



k=l 



Or, using the explicit form of the matrices Aj and A* given by p52j) - p53|) . we obtain 



V2d(f)2 .72 902 

- l—^- h 



2 dai 



+ 



2 da2 



dao 



dai dai 

V2d(j)2 , ,V2d(j)2 

2 9ai ^ ' 

V2 902 

2 9ai 



9a2 

(903 



.V^902 ^2 902 



2 (9a* 
901 



2 aa* 



— t 



da 



— i- 



2 da2 da^ 

.72 902 90 



dai dai da^ da^ 

.V^902 V2 902 .903 

* 2 9a* 2 9a; 



9a* 



+ 



2 9a2 
1 



+ 



da 



1 , .V2902 , 72902 , . 



2 dai 



2 9a; 



+ 2 



9a9 



9ai 9ai 

72 902 .72 902 

+ 1 



.903 , . 

dao 



+ i- 



2 9ai 



2 9a2 9aq 



+ i 



dai dai da 
72 902 7 2 902 



+ 



9a* 



da*2 



2 9aS 



— z- 



dal 



0, 



(167) 



2 9a^ ^ 

Coming to the helicity basis, we will find solutions of the equations ()167|) . that is, we will 
present components of the Majorana-Oppenheimer 'bispinor' (f) = (0i, 02, 03, 0i, 02, 03)"^ in 
terms of the functions on the two-dimensional complex sphere (it is obvious that the indices 
k and k can be omitted here): 



01 = 0i,i;i,i = /i,i(r)9Jll_„(</.,e,^,r,O,O), 

02 = 0i,o;i,o = /i,oW3?l[,,„(¥^,e,^,r,O,O), 

03 = = /i,_i(r)9Jl'_i,„(¥., e, 9, r, 0, 0), 

01 = 0i,i;i,i = /i,i(r*)mti,^(¥P,e,^,r,O,O), 

02 = 01,O;l,O = /i,o(^*)a^O,n(V''e,^,r,O,O), 

03 = 0i,-i;i,-i = /i,_i(r*)mt'li, J^, e, ^, r, 0, 0), 
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Substituting these functions into (jl67p and separating the variables with the aid of recurrence 
relations between hyperspherical functions, we come to the following system of ordinary 
differential equations (the system ()121|) at / = 1): 



dr r ' 



df\Ar*) 1 , \/2^(^ + l) / 



iJ2l{l + l) . \^2l{l+l) . 



df[ i(r*) 1 , a/2/(/' + 1) : 
-^^^^ + ^fUin + = 0, (168) 

From the second and fifth equations it follows that /'^.^(r) = f\i{r) and f\^i{T*) = 
f[ i{r*). Taking into account these relations we can rewrite the system (jl68|) as follows 



• ' - ^^-^ — Aoin = 0, 



df\ ^{r*) 1 / \/2/(/'+ 1) . 

It is easy to see that the first equation is equivalent to the second, and third equation 
is equivalent to the fourth. Thus, we come to the following inhomogeneous differential 
equations of the first order: 

2r^^^ - /U(r) - v/27(7TI)/i,o(r) = 0, 
M.iir*) 



where the functions f[Q{r) and f[o{r*) are understood as inhomogeneous parts. Solutions 
of these equations are expressed via the elementary functions: 



fUr) = Cv/F+v/2/(/ + l)r, 
/^(r*) = CV^+ ^2/'(/' + l)r* 
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Therefore, solutions of the radial part have the form 

Aiir) = fl_,{r) = CV^+ V2/(/ + l)r, 
fUr) = v/2Z(7Tl)r, 



'2i{i + iy. 

In such a way, solutions of the system (jl67|) are defined by the following functions: 

0i(r,^^r) = /i,i(r)mtl,„(^,e,e,r,0,0), 

Mr,v',0^) = /i,oW2H|),„(^,e,^,r,0,0), 

03(r,<^^r) = /i,_i(r)a7lLi,„(<^,e,^,r,0,0), 

Mr\^',n = /i,i(r*)OJl^(^,e,^,r,0,0), 

Mr\^',h = /i,o(r*)a7l^(^,e,^,r,0,0), 

Ur*,^'',^ = /i,_i(r*)mtLi,j¥^,e,^,r,0,0), 



where 



/ = 1, 2, 3, . . . ; n 



Z = 1, 2, 3, . . . ; h = —I, — / + 1, . . . , I, 

mi,(^, 6, e, r, 0, 0) = e^(^+^^)zi, r). 



r = cos 



21 



e 



I 



e 



2FA 



k=-l 

±1 -1 + 1,1-1 -k 
+l-k+l 



2 

tan^ ^ 1 2^1 1 



- cosh^' - y t^^-^ tan^i-'^ - tanh'^-'^ - x 

9 9 ^ 9 2 



r2-/ + l,l-Z-A; 



n — A; + 1 



9Jl[,,„(^,e,^,r,0,0) = 4„(e,r), 



tanh 



COS 



2^ i cosh^' - y z-'^ tan-'^ - tanh""^ - x 

9 9 ^ 9 9 



2 

2-^1 



k=-l 
-I + 1,1 -I -k 

-k + 1 



e 



n-/ + l,l-/-A; 



n — A; + 1 
e, ^, r, 0, 0) = e^(-^^)Zi,,^(0, r). 



tanh 



21 



e 



Z^,, J^, r) = cos 2 



I 



k=-i 

±i-i + i,i-i-k 

±l-k+l 



9 



T 



z±i-nan=ti-^--tanh"-'=-x 



h — k + 1 



tanh 
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. T 



Zl.ie, t) = cos^' - cosh'' - V r ^ tan-^ - tanh" ^ - x 
o,n\ ^ ) 2 2 2 



k=-l 

-i + 1,1 - i-k 

-k + l 



tan' - I 2F1 1 



e 



h - I + 1,1 - I - k 
n — k + 1 



tanh' - . 



Therefore, in accordance with the factorization (PT|) . an exphcit form of the particular 
solutions of the system (jl54|) - (jl57|) are given by expressions 



[a) = 0+(k;x,t)0' „(0) 



{2(27r)3}-^ (^J+I^l^ exp[z(k ■ x - ^t)]/l,i(r)9Jll,„(^, e, 6, r, 0, 0), 
^IScy) = 0o(k; ^)<I>Uq) = {2(2vr)3}~^ exp[^k ■ x]/l^o(r)aJl[,,„(0, 0, ^, r, 0, 0), 



6Li,Ja)=0_(k;x,t)0'_i,„(0) 



{2(27r)3}-^ Tj- ) exp[^(k ■ x - u;t)]fl_,ir)m'_,J^, e, 9, r, 0, 0), 



'l,n 



a) = 0;(k;x,t)0l^^(0) 



{2(27r)3}~^ J expH(k ■ x - ujt)]fUr*)mln{^, e, 6, r, 0, 0), 

^(a) = 0*(k; x)0^, Js) = {2(27r)=^}-^ (f^^^ exp[-zk ■ x]/i,o(r*)aJli,,,(0, 0, 6, r, 0, 0) 



6i,^(c.)=C(k;x,t)0':i,„(0) 



{2(27r)3}-^ (^J; J expH(k ■ x - L,t)]fl_,{r*)Tti,^.{ip, e, ^, r, 0, 0), (170) 

Before we proceed to define a general solution of the boundary value problem, let us note the 
following circumstance. The set (|17U|) consists of the transverse solutions ^^{cx.) (negative 

helicity), (j)''_^^^^{a.) (positive helicity) and the zero-eigenvalue (longitudinal) solutions 0o„(q:) 

and 0q^(q:). The longitudinal solutions 0o„(q;) and 4>q^{cx) do not contribute to a real 
photon due to their transversality conditions ()162|) and ()164|) . Thus, any real photon should 
be described by only (f)'-_^^^^{a.) and (j)''^i^^{cx): 

0ii,„(Q;) = 0±(k;x,t)0^i_„(g) = 

{2(2vr)3}-^ (^^^ j^l^ exp[^(k • x - u;t)]/Ui(r)aJli,,„((^, e, 6, r, 0, 0), 
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0ii,ja)=0i(k;x,t)0^i_.(g) = 

{2(27r)3}-^ jj^l^ expH(k ■ x - u;t)]/U(^*)^ii,n(¥', e, ^, r, 0, 0). 

Taking into account only these physically meaningful solutions, we can define a general 
solution of the boundary value problem by means of the following expansions 

k ' l=\ n=—l 



where 



(-1)"(2/ + 1)(2/ + 1) 



327r4/i,±i(«) 

§2 r4 




F±i(a)e-*'="aJt!ti,„(¥^, e, r, 0, O)rf'xrf'0, 



327r4/i,±i(a*) 




§2 Ti 



9.1 Quantization 

In case of the photon field we define the field operator by a following superposition 

2 2 



(f>{a) = + Yl ^tMcx), (173) 



s=l s=l 



where and are creation (emission) and annihilation (absorption) operators of the photon 
in a state s, 0s (a) and 0s (a) are Fourier series p71|) (negative helicity) and p72|) (positive 
helicity), here we designate 0i(q:) = <pi{cx), 02(q:) = 0_i(ck)5 0i(ck) = 0i(q:), 02(q:) = 
(j}_i{oL). The operators and Cs satisfy the following commutation relations: 

[^s; ^s'] _ ~ ^ss' : 

[Cs,Cs']_ = [c+,c+]_ = 0, s,s' = l,2. 
Taking into account the latter relations, let us calculate a commutator of the photon field: 

[(f>^{a),(f>f,{a')]_=D^f,{a,a'), (174) 

where 

2 



s=l 
2 



s=l 
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Or, using the formulae (|171|) and (jl72j) . we find an explicit form of the functions D\{ol — ol') 



and D^p{oL-OL'): 



s=l k 

oo 

1=1 



2 

oo 

1=1 

Let us define now normal and time ordered products of the field operators (|173|) . Sup- 
posing 

where 0*^"'"''(q;) and 0*^~^(q;) are annihilation and creation operators of the photons, we see 
that 

Ar(0(+)(a)0(-)(a')) = (t)^-\cx')(t)^+\a), 
iV(0(-)(a)(/.W(a')) = 
A^(0(-)(a)0(-)(a')) = 
Ar(0(+)(a)0W(a')) = 

Taking into account the latter A^-products, we have 

In accordance with (ITTij) 0W(Q;)0(~)(a') = (l)^'\ct')(t)^+\(x) + (cK — a'), therefore, 

(f){a)(j){a') = N{(f){a)cj){cy.')) + D-{oi-a') 
= iV(0H0(aO) + ,0(a)0, (aO, 

where 

i0(a)<^i (Q;O = (0 I (f){a)(f>{cx') \ 0) = D-{cx - a') 

is an operator coupling of the photon fields. 

Further, the time ordered coupling of the field operators (jl73p is defined as 



s=l k 

oo 



'^iaj^icx') = {0\T{<l>{cx)cl,{c.'))\0) = 

_ f(0 I (/)(a)0(a') I 0) = ,0(a)0| (aO = D-{a - a'), t > t'; 
~ \{0\ (t){cx')(t){(x) I 0) = |0(aO0| (a) = D+{a - a'), t' > t. 
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10 Interacting fields 



Up to now we analyze free Dirac and Maxwell fields. Let us consider an interaction be- 
tween these fields. As usual, interactions between the fields are described by an interaction 
Lagrangian £/. In our case we take the following Lagrangian 



(175) 



1 /"^D^D _ '^_D'^Z)\ „„J ■^D _ (-pD -pD pD -pD ■v-D ■v-D ■v-D ■v-D -v-D -v-Da _ 

(r^, rf , rf , rf , Tf , Tf , Tf , Tf , Tf , Tf ), here and are the matrices (1121 and 



where a!^„ 

here and are the matrices 
hdnS), and r*^ and T^^ are the matrices (ITIHll and (fM - ffTHni) . 
The full Lagrangian of interacting Dirac and Maxwell fields equals to a sum of the free 
field Lagrangians and the interaction Lagrangian: 

£(a) = Coicx) + jCAiict) + Ci{cx), 

where £d(ck) and £m(q:) are of the type (jl22|) and (jl47|) . respectively. Or, 



-- { ^^(0)2 



" da,. 



dOL, 



1 f^r^A^M d(l>{oL 



^0(q) ^m 



Sf0(«) 











5 = T 


exp 




1 











- «:V(a)V'(«) +/i(V'(«)<,.).V'(«))(S(^).'^("))- 

Since the Lagrangian p75|l does not contain derivatives on the field functions, then for a 
Hamiltonian density we have T-[j{a) = —Ci{cx). 

As is known, in the standard quantum field theory the S-matrix is expressed via the 
Dyson formula j95] 

/ +00 \ 

(176) 

where T is the time ordering operator. The Hamiltonian density 'Hi{x) has in general been 
assumed to have the form of an invariant local products of fields. 

In our case, the electron-positron and photon fields are defined on the space M.^ = 
R^''^ X which larger then the Minkowski space R^''^. With a view to define a formula similar 
to the equation ()176|) it is necessarily to replace d'^x by the following invariant measure on 
-Ms: 

d^fi = d'^xd'^g, 

where 

d'^g = sin 9'^ sin O'^dOdrdLpde. 

Therefore, an analog of the Dyson formula p76p on the manifold Ais can be written as 
follows 



^ = r 



Concrete calculations of the scattering amplitudes come beyond the framework of the present 
paper and will be considered in a future work. 







exp 
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11 Conclusion 



In this paper we have presented a general scheme of construction of quantum electrodynam- 
ics on the Poincare group V (or, equally, on the homogeneous spaces of V). Except the 
maximal homogeneous space A^io, we consider here only three spaces A^s, and M.^ 
(it is easy to see that Alg, ^A^ and A^g correspond to the Wigner's little groups 5'L(2,C), 
SU{1,1) and SU{2), respectively). However, the similar constructions are possible for all 
other homogeneous spaces of V contained in the Finkelstein-Bacry-Kihlberg list [^21 13] and 
endowed with a measure. 

It should be noted that discrete symmetries remain outside of our consideration. It is 
well-known that discrete transformations are of fundamental importance for constructing 
relativistic wave equations and for their analysis. An inclusion of discrete symmetries into 
the framework of quantum field theory on the Poincare group can be obtained via an au- 
tomorphism representation. It is known that Gel'fand, Minlos and Shapiro [Sn] proposed 
to consider the discrete transformations as outer involutory automorphisms of the Lorentz 
group (there are also other realizations of the discrete symmetries via the outer automor- 
phisms, see [7U ins Cnn] ) • At present, the Gel'fand-Minlos-Shapiro ideas have been found 
further development in the works of Buchbinder, Gitman and Shelepin [T^ I42j . where the 
discrete symmetries are represented by both outer and inner automorphisms of the Poincare 
group. It is pointed out by Shirokov |1()H ll()2j that an universal covering of the inhomoge- 
neous Lorentz group has eight inequivalent realizations. Later on, in the eighties this idea 
was applied to a general orthogonal group 0{p,q) by D§,browski It is well-known that 
universal coverings of the groups 0{p,q) are completely formulated within spinor groups 
|68j . In turn, the spinor group is an intrinsic notion of the Clifford algebra ^3 EH]- By 
this reason there exists a complete and consistent description of the discrete transforma- 
tions in terms of the Clifford algebra theory. Such a description has been given in the 
works |112l 11131 1116j , where the discrete symmetries are represented by fundamental au- 
tomorphisms of the Clifford algebras. The fundamental automorphisms are compared to 
elements of the finite group formed by the discrete transformations. In like manner, charge 
conjugation is naturally included into a general scheme by means of a complex conjugation 
pseudoautomorphism jHHl EHl IHni ■ It allows us to define 64 universal coverings of 0{p,q) 
(CPT-structures) which include as a particular case the eight PT-structures of Shirokov and 
D§browski |116j . Moreover, it allows us to incorporate this algebraic description with the 
ideas presented in jTH] and then to apply it for analysis of relativistic wave equations on the 
homogeneous spaces of the Poincare group. 
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